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ABSTRACT 
 
With recent advances in the area of fiber reinforced polymers (FRP), more effort 
has been spent trying to incorporate the use of FRP in design applications.  FRP bars 
offer both an ultimate strength and a corrosion resistance greater than traditional steel 
reinforcing.  Fiber reinforced polymer bars can either consist of continuous glass (GFRP), 
aramid (AFRP) or carbon fibers (CFRP).  CFRP bars, while lighter than GFRP typically 
offer a much greater tensile strength.   
With the recent release of the American Concrete Institute’s first edition manual 
ACI-440.1R “Guide for the Design and Construction of Concrete Reinforced with FRP 
Bars” (2001), unified design equations were finally presented.  However, the document 
has acknowledged that equations in the area of development lengths, splices and other 
details were still conservative due to the limited data available. 
The objective of this research is to predict the performance of concrete beams 
reinforced with spliced CFRP bars of different lap splice lengths in the tension zone.  
This is to be done by evaluating experimental data and comparing against theoretical 
values.  Conclusions drawn from this analysis are to be used to further refine the design 
equation for splice lengths.  
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CHAPTER 1 
INTRODUCTION 
 
1.1 Introduction 
Fiber Reinforced Polymer (FRP) bars have been promoted as a viable alternate to 
steel reinforcing bars for over 25 years.  In a previous research project funded by the 
Louisiana Transportation Research Center, Thiagarajan (1999) conducted numerous pull-
out tests and beam flexural strength tests to determine the ultimate flexural strength of 
members reinforced with CFRP bars and to study the modes of failure.  The resulting 
paper (Thiagarajan, 2002) compared the experimental data to the predicted values based 
upon ACI-318 guidelines.  The newly released ACI-440.1R (2001) was not available at 
that time. 
This research will re-evaluate the earlier experimental data, compare and draw 
conclusions based upon ACI-440.1R.  This paper specifically addresses the performance 
of concrete beams reinforced with spliced CFRP.  The tensile stresses in the CFRP bars, 
and bond stresses associated with the varying splice lengths are investigated and 
discussed.   
1.2 Background 
Recent advancements in the field of fiber and plastic composites have resulted in 
FRP bars that exceed the strength and fatigue properties of steel.  In addition, FRP bars 
offer an added resistance to corrosion, even better than epoxy-coated steel reinforcement.  
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The higher tensile strength of FRP bars allows the use of a higher compressive strength 
concrete.  These features, as well as the lower weight of FRP bars reduce the bar sizes 
required by design.  
Fiber reinforced polymer bars can consist either of glass (GFRP), aramid (AFRP) 
or carbon fibers (CFRP).  The fibers are continuous along the length of the bars, and are 
embedded in an epoxy resin matrix.  Bars can be circular or square, and have either a 
sand blasted or deformed surface.  While FRP bars do not exhibit very good compression 
properties, the high tensile strengths allow its usage as traditional tension reinforcing or 
as pretensioned strands in concrete beams.  Table 1.1 summarizes some of the material 
properties of steel reinforcement compared to various types of FRP reinforcement.  
 
Table 1.1 
Usual Tensile Properties of Reinforcing Bars 
 Steel GFRP CFRP AFRP 
Density (lbs/ft3) 493.0 77.8 – 131.0 93.3 – 100.0 77.8 – 88.1 
Nominal Yield Stress (ksi) 40 – 75 N/A N/A N/A 
Tensile Strength (ksi) 70 – 100 70 – 230 87 – 535 250 – 368 
Elastic Modulus x 103 (ksi) 29.0 5.1 – 7.4 15.9 – 84.0 6.0 – 18.2 
Yield Strain (%) 1.4 – 2.5 N/A N/A N/A 
Rupture Strain (%) 6.0 – 12.0 1.2 – 3.1 0.5 – 1.7 1.9 – 4.4 
Source:  Tables 3.1 & 3.3, ACI-440.1R 
 
Research on fiber reinforced polymers began to be published in the 1970s (Nawy 
and Neuwerth, 1977).  With the improved technology in the industry, more effort has 
been spent on marketing FRP bars.  With that effort came significant amounts of research 
(Faza and GangaRao, 1991; Nanni, 1993; Saadatmanesh and Ehsani, 1991; Benmokrane 
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et al, 1996a).  Most published research focused on GFRP.  Some were noted with AFRP, 
and even less with CFRP.  In the mid 1990s, the American Concrete Institute (ACI-440R, 
1996) published a state-of-the-art report on fiber reinforced polymers.  This report served 
as a summary of research efforts published at that time.  It was not a code document or a 
design guideline.  However, its purpose was to compile past research and to offer a 
direction for future efforts.  As is expected with new materials, research with FRP has 
primarily focused on beam capacities and deflections, with little effort on detail issues 
such as splices.  The ACI-440R report has acknowledged that splice information was 
lagging. 
This past year, ACI published the first design guidelines for FRP (ACI-440.1R, 
2001).  Written in a style similar to the familiar ACI-318 (1999), the document finally 
recommends equations for beam capacities, development and splice lengths, etc.  
However, this document again noted that due to lack of information, the recommended 
splice length values were conservative. 
1.3 Current Project 
Thiagarajan had performed experimental research for the Louisiana 
Transportation Research Center (Thiagarajan, 1999) to “study the effectiveness of 
employing CF composite rods as replacement for steel tensile reinforcement in concrete 
beams and slabs.  The objective of the research was to conduct experimental studies and 
compare them with predicted analytical values.”  The research program included tension 
tests on sample CFRP rods, pull-out tension bond tests and flexural strength tests. 
The tension tests were used to determine stress-strain behavior of the CFRP bars.  
The pull-out tests were used to determine the bond stress between the concrete and the 
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CFRP bars.  Pull-out tests conducted on smooth bars indicated that they would be 
inadequate in bond.  Therefore, sand-blasted bars were used. 
Flexural beam tests were performed on 21 concrete beams (60” long).  Three (3) 
beams were reinforced with traditional steel reinforcement as a baseline of beam 
performance.  Nine (9) beams were reinforced with continuous CFRP reinforcement.  
Nine (9) additional beams were also reinforced with CFRP bars, but tension lap splice 
lengths of 26”, 34” and 42” were used. Three bar diameter sizes were used: 1/4”, 5/16” and 
3/8”.   
The resulting report (Thiagarajan, 1999) documented the failure loads and 
moments of the concrete beams tested.  In addition, the report attempted to predict the 
failure loads based upon strain levels in the beam cross-sections.  However, the effects of 
the varying splice lengths were not included in the predicted failure loads; i.e. spliced 
beam predictions were similar to unspliced beam predictions.  As a result, a comparison 
of the analytical and experimental values showed a poor correlation in the report. 
In a second paper (Thiagarajan, 2002), a more thorough comparison of the 
experimental and the theoretical values was performed.  The experimental stresses and 
strains in the concrete beams were studied, and moment-curvature relationships plotted.  
Similarly, the theoretical stress-strain relationships were generated using Hognestad’s 
model for concrete strength, and the moment capacity based upon the extreme 
compressive strain (єC) varying from 0.000 to 0.003. 
The nine beams with spliced reinforcement were not studied as part of this paper.  
This thesis shall attempt to complete the study in a manner similar to Thiagarajan (2002). 
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1.4 Objective 
The objective of this research is two-fold.  First, to analytically predict, using 
ACI-440.1R equations, the performance of concrete beams with spliced CFRP bars used 
as tension reinforcement, and compare them to the experimental data (Thiagarajan, 
1999).  Second, to compare the experimental data taken from the concrete beams 
reinforced with spliced CFRP bars against that taken from the beams with continuous 
(unspliced) CFRP bars (Thiagarajan, 1999). 
1.5 Scope 
This study has two major components: analysis of experimental data and the 
development of theoretical values.  The scope of this thesis is outlined below: 
1. Review the experimental data (Thiagarajan, 1999) taken from the pull-out tests.  
Re-evaluate the data and identify inconsistent values.  Convert the measured bond 
strengths to standardized variables (K2 and K3). 
2. Review the experimental data (Thiagarajan, 1999) taken from the beam strength 
tests (continuous reinforcement). Re-evaluate the data and identify inconsistent 
values. 
3. Calculate the analytical ultimate/failure moment capacity of each concrete beam 
based on ACI-440.1R and compare it with the experimental value. 
4. From the strain and deflection data collected for each beam, evaluate the 
experimental moment-curvature.  Develop the theoretical moment-curvature 
relationship and compare it with that obtained the experimentally. 
5. Compare the moment capacity and moment-curvature relationships obtained and 
draw conclusions for the three different splice lengths (26”, 34” and 42”). 
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6. Compare the spliced moment capacity values and moment-curvature relationships 
with those obtained for unspliced beams, and draw conclusions. 
7. Compare the ACI-440.1R equation for required splice lengths with that computed 
experimentally, and discuss their effect on the experimental and theoretical values 
for moment capacity. 
1.6 Thesis Organization 
This thesis is organized into the following five chapters: 
• Chapter 2 discusses the basic bond theory and the application to the pullout tests 
conducted.   
• Chapter 3 discusses the beam strength tests (unspliced reinforcement bars) to set a 
baseline for the spliced beam tests. 
• Chapter 4 evaluates the flexural performance of the beams reinforced with spliced 
CFRP bars, and compares the experimental results to analytical values derived 
from ACI-440.1R. 
• Chapter 5 discusses the moment-curvature relationships of the spliced beams. 
• Chapter 6 reviews the conclusions of the previous four chapters and presents 
recommendations for future work. 
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CHAPTER 2 
BOND TESTS 
 
2.1 Introduction 
In a previous research project funded by the Louisiana Transportation Research 
Center (Thiagarajan, 1999), numerous pull-out tests were conducted to determine the 
failure loads of CFRP bars embedded in concrete cylinders and to study the modes of 
failure.  The resulting paper (Thiagarajan, 2002) compared the experimental data with the 
predicted values based upon ACI-318 (1995).  The newly released ACI-440.1R (2001) 
was not available at that time. 
The scope of this chapter is to predict the bond stress and development length 
requirements for the beam strength tests described in Chapter 3 and the spliced beam tests 
described in Chapter 4. 
This chapter will review basic bond theory and failure mechanisms.  A review of 
both recent research and ACI-440.1R code requirements for the development length of 
FRP bars will be performed.  The experimental data (Thiagarajan, 1999) will be reviewed 
and re-stated, and then compared to ACI-440.1R. 
2.2 Bond Theory 
Per ACI-318, the development length is the “length of embedded reinforcement 
required to develop the design strength of reinforcement at a critical section.”  To 
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understand development lengths, one must first understand bond stresses and how a 
reinforcing bar transfers the loads to concrete. 
The equilibrium condition provides that the force in the bar be resisted by the 
average bond stress acting on the bar surface.  Figure 2.1 and equation 2.1 illustrates this: 
 
 
 
 
Figure 2.1.  Transfer of force through the development length. 
 
 fufbfbf fAl)d( =⋅πµ  (2-1) 
 where µf = average bond strength acting on the surface of FRP bar  
   db = diameter of reinforcing bar 
   lbf = basic development length of FRP bar 
   Af = area of FRP reinforcement 
   ffu = design tensile strength of FRP bar 
One of the basic assumptions in reinforced concrete design is that the concrete 
and reinforcement bond together perfectly so that no slip occurs.  In flexural members, 
the tension force in the reinforcement is transferred to the surrounding concrete through 
bond stresses.  As the bending moment changes, so does the force in the reinforcing bar, 
and so does the bond stress.  In addition, the flexural cracks that occur due to bending 
also result in non-uniform stresses along the bar.  At a crack, the entire tension force is 
being carried by the reinforcement.  At a point between the cracks, the force is being 
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shared by the reinforcement and the uncracked concrete.  Therefore, to simplify design, it 
is common to discuss average bond stresses rather than maximum values. 
The bonding of the reinforcement to the surrounding concrete is due to and 
affected by several factors.  The chemical adhesion between the reinforcement and 
concrete, the friction due to the surface of the bar and the mechanical resistance due to 
the shape of the bar (ribbed, etc.) all contribute to the bonding.  When the force is first 
applied to the bar, the resistance to slipping is provided by the adhesion and friction 
between the bar and the surrounding concrete.  If the applied load exceeds this resistance, 
the bar will pull smoothly out of the concrete (see Figure 2.2).  Bar deformations such as 
ribs greatly increase this resistance to failure due to the additional bearing strength of the 
rib on the concrete.  The partially crushed concrete may form a wedge in front of the rib   
  
 
Figure 2.2.  Pullout Failure of CFRP Bars (Thiagarajan, 1999). 
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face.  As the bar tends to move (slip), the wedge tries to force the surrounding concrete 
outward, thus introducing tension stresses in the concrete. 
 Longitudinal cracks form from the ring tension in the surrounding concrete (see 
Figure 2.3).  Bar size, concrete cover, bar spacing and confinement all affect the stress 
transfer, and therefore the pull-out capacity. 
 
 
Figure 2.3.  Splitting Failure of Deformed Steel Bars (Thiagarajan, 1999).   
 
It should be noted that pullout tests do not accurately represent the bond stresses 
found in flexural members.  Pullout tests produce a uniform compressive force to the 
concrete cylinder.  This compressive force aids the tensile force being developed through 
the interaction between the CFRP bar and the surrounding concrete.  Beam tests more 
accurately reflect the tension in the concrete surrounding the CFRP bar due to flexure.  
Therefore, pullout test data is typically considered “preliminary” information that assists 
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in properly designing subsequent beam tests.  It is expected that ultimate bond strengths 
in the beam tests would be lower than those developed in the pull-out tests 
In addition, the six-inch (6”) diameter concrete cylinders used in CFRP pullout 
tests provides a clear cover from the face of the concrete to the reinforcement bar in 
excess of five times the bar diameters (5db).  This greatly increases the likelihood that 
failure will occur in pullout rather than splitting of the concrete.  Most test beams provide 
a clear cover between one and two times the bar diameters (db - 2db).  In these beams, 
both splitting and pullout failures can occur.  
 In its simplest form, the average bond strength (µf) can be expressed as: 
 
b
c1
f d
'fK
=µ  (2-2) 
 where  f’c = compressive strength of concrete (psi) 
K1 = constant  
By substituting equation 2-2 (ACI-440.1R Eqn. 11-4) for the average bond strength (µf) 
in equation 2-1, the basic development length (lbf) can be expressed as: 
 
c
fub
bf 'f
fd
Kl
2
2=  (2-3) 
where  ffu = design tensile strength of FRP bar  
K2 = constant = 1/(4K1) 
For a given concrete and reinforcement bar strength and K1 value, the larger the bar 
diameter, the lower the average bond strength (i.e. longer required development length).  
However, the values of K1 and K2 are not constant for all materials.  They can be 
experimentally determined for a given embedment (development) length. 
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2.3 Literature Review 
Pleiman (1987) conducted pull-out tests on both AFRP and GFRP bars with 
various diameters.  Based upon the ultimate strength of the specimens, he derived a bond 
formula similar to equation 2-3, with K2 values of 1/18.0 – 1/19.4 for the AFRP and GFRP 
bar respectively.   
Faza and GangaRao (1990, 1991) investigated the bond behavior of deformed and 
sand-blasted GFRP bars by testing both pullout and cantilever beam specimens.  Their 
results were consistent with Pleiman’s in that they derived a K2 value of 1/16.7.  
Ehsani et al (1993, 1996) conducted experiments on deformed GFRP bars in 48 
beam test and 18 pullout tests.    With so many tests, a number of variables were taken 
into account such as concrete strength, embedment length, bar spacing and cover, and bar 
diameter.  This research also targeted failure modes.  Ehsani et al designed test specimens 
to force both concrete splitting and pullout failures.  They concluded that if a cover 
greater than two bar diameters (2db) was provided, a pullout failure is more likely to 
occur, and for a cover less than two bar diameters, a concrete splitting failure is more 
likely. 
The authors also noted that the load-slip relationship identified a critical point at 
which the deformation became nonlinear.  Therefore, the critical load was defined as the 
load that produced a loaded-end slip of 0.015”.  After review of the data collected, a 
design formula similar to equation 2-3 was developed.  The authors proposed a K2 value 
of 1/21.3.  Ehsani et al also introduced a second equation (equation 2-4) limiting the bond 
stress.  He recommended that the development length (in inches) be the larger of that 
computed by equation 2-3 (K2 = 1/21.3) and equation 2-4.  
  13
 
psi2850
fd
l fubbf =  (2-4) 
Based on pull-out tests of various GFRP bar sizes with normal strength and high 
strength concrete, Chaallal et al (1992) concluded that the development length could be 
taken as 20 times the bar diameter (20db).   
Daniali (1992) tested 30 concrete beams with varying development lengths.  
Results showed that 8” (16db) was sufficient to develop the ultimate tensile strength of a 
½” diameter GFRP bar, and that 18” (24db) was sufficient to develop a ¾” diameter bar. 
Kankubo et al (1993) conducted tests on pull-out and beam specimens reinforced 
with fiber reinforced polymer bars.  Their experiments used GFRP, AFRP and CFRP bars 
with varying surface deformations (deformed, strands, braided).  Test specimens were 
designed such that concrete splitting failures occurred.  The article presented the data 
collected, but did not make recommendation on design equations.  However, if the 
presented experimental results are forced into equation 2-3, it appears that a K2 value 
between 1/13.6 – 1/32.4 could be computed based upon the surface deformation present. 
Bakht et al (2000) developed design guidelines for bridge design using FRP bars.  
In the document, the development length of FRP bars in tension is defined.  The equation 
is similar in form to that of ACI-318, but introduces a bar surface factor and the ratio of 
modulus of elasticities of both materials (EFRP / ESTL). 
Benmokrane et al (1996b) performed studies on 20 concrete beams reinforced 
with deformed GFRP bars ranging in size from ½” to 1” in diameter.  The authors also 
performed pull-out tests to investigate the tension and bond stresses of the bars.  Pull-out 
failures occurred because the bar deformations were small and adequate cover was 
provided.  What they found was that the GFRP bars exhibited a bond strength 
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approximately 60% – 90% lower than equivalent steel rebars.  The authors also found 
that the beam tests showed a bond stress 55% – 95% lower than the pull-out tests.  The 
tests showed a nonlinear distribution of stress along the bars, and that size did affect the 
performance of the bars.  The authors concluded that a K2 value of 1/15.6 should be used. 
2.4 ACI Codes 
Most codes describe the tension lap splice length as a function of the development 
length.  The computed development length (in inches) for deformed steel reinforcement 
(3/4” diameter and smaller bars with good cover) can be computed using ACI-318 Section 
12.2:  
 
c
yb
d 'f
fd
25
1l
αβλ
⋅





=  (2-5) 
where  fy = specified yield stress of steel reinforcement (psi) 
α = location factor, taken as 1.0 for bottom reinforcement 
  β = coating factor, taken as 1.0 for bars without an epoxy-coating 
  λ = lightweight aggregate concrete factor, taken as 1.0 for normal concrete 
Based on the parameters of the experimental data used in this research, equation 2-5 can 
be reduced to the following form: 
 
c
yb
d 'f
fd
25
1l ⋅





=   (2-6) 
ACI-318 Section 12.2 requires that a minimum 12” development length be 
provided.  ACI-318 also allows a reduction in the computed development length based 
upon an excess of flexural reinforcement being provided.  This reduction is computed as 
the ratio of the area required to the area provided.  It must be noted that when ACI 
revised the equations for the development length in the 1995 edition of ACI-318, a 1/0.8 
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factor was incorporated.  This, coupled with a re-written equation, resulted in longer 
development lengths for smaller (3/4” diameter) bars than earlier code editions.   
As discussed previously, ACI-440.1R also recognizes the bond theory used in 
computing development lengths.  Equation 2-3 is repeated below: 
 
c
fub
bf 'f
fd
Kl
2
2=   (2-7) 
The √f’c term indicates that the bond failure is initiated by the tension failure of 
the surrounding concrete.  ACI-440.1R documents K2 values in the range of 1/15.6 – 1/21.3.   
The ACI-440.1R committee recommended a pullout failure rather than that of 
concrete splitting.  With adequate cover, which ACI-440.1R defines as two bar diameters, 
a splitting failure is unlikely.  As a result, Ehsani et al (1993, 1996) had recommended an 
equation (equation 2-4) limiting the bond stress.  Therefore, ACI-440.1R Eqn. 11-7 
“officially” defines the required development length of FRP bars in a similar manner as: 
 
3K
fd
l fubbf =   (2-8) 
where K3 = constant = 2700 (psi) 
Note that when equation 2-8 is combined with the equilibrium forces defined in equation 
2-1, that K3 is equal to four times the average bond stress (4µf).  Therefore, ACI-440.1R 
is essentially limiting the bond stress to 675 psi (although not explicitly stated as such).  
This value appears misleading since ACI-440.1R does not specify a degree of surface 
roughness on the FRP bars.  Since bond is a function of the concrete-reinforcement bar 
interaction, this seems important. 
Section 11.2.2 of ACI-440.1R does note that concrete cover is crucial to establish 
whether or not a splitting failure does occur, irrespective of the development length used.  
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A pullout failure is likely if the concrete cover exceeds 2db.  The code recommends a 
modification factor of 1.5 be applied to the computed development length if less cover is 
provided.  The concrete cover should not be less than db. 
The provisions of ACI-440.1R also provide for factors for top reinforcement 
location and cover similar to ACI-318.  While the provisions do not address coating and 
light-weight concrete, these are not issues with FRP beams.   
Using the defined equations (2-6, 2-7 and 2-8) and an assumed concrete 
compressive strength of 7000 psi, the required development length can be computed as 
shown in Table 2.1.  A K2 value of 1/18 was selected as approximately the average of 
those noted in the research by Pleiman (1987), Faza and GangaRao (1990, 1991), Ehsani 
et al (1993, 1996) and Benmokrane et al (1996b). 
 
Table 2.1 
Code Required Development Lengths 
fy = ffu = 60 ksi ffu = 275 ksi 
Diameter 
Eqn. 2-6 
 (ACI-318 
Sec. 12.2.2) 
Eqn. 2-7 
(ACI-4401.R 
Eqn. 11-5 
K2 = 1/18) 
Eqn. 2-8 
(ACI-4401.R 
Eqn. 11-5 
K3 = 2700) 
Eqn. 2-7 
(ACI-4401.R 
Eqn. 11-5 
K2 = 1/18) 
Eqn. 2-8 
(ACI-4401.R 
Eqn. 11-5 
K3 = 2700) 
4/16” 7.2” 2.5” 5.5” 11.4” 25.5” 
6/16” 10.8” 5.6” 8.3” 25.7” 38.2” 
8/16” 14.3” 10.0” 11.1” 45.6” 50.9” 
10/16” 17.9” 15.6” 13.9” 71.4” 63.7” 
12/16” 21.5” 22.4” 16.7” 102.7” 76.4” 
 
Compare similar size (4/16”) and similar strength (60 ksi) deformed steel and sand-
blasted CFRP bars.  With an embedment length of 8”, both the deformed steel bar and the 
CFRP bar will fail before the bond fails since the embedment length exceeds the required 
  17
length to fully develop the bar strength.  A deformed steel bar will split the concrete and 
fail with an embedment length of 6” since the length is less than the required 7.2” 
development length.  With an embedment length of 4”, the CFRP bar will pull out of the 
concrete smoothly (without splitting) since the embedment length is less than the required 
5.5” development length.  
It is important to note the irregularity of the data presented in Table 2.1.  For 
similar strength (60 ksi) deformed steel and sand-blasted CFRP bars, the required 
development length is longer for the deformed steel reinforcement.  Again, it must be 
noted that when ACI revised the equations for the development length in the 1995 edition 
of ACI-318, a 1/0.8 safety factor was incorporated.  This, coupled with a re-written 
equation, resulted in longer development lengths for smaller bars (3/4” diameter) than 
earlier code editions.  If the safety factor is removed from the ACI-318 equation, a 
development length comparable to ACI-440.1R is computed. 
There are two important omissions in the ACI-440.1R document.  First, the 
development length does not appear to include a safety factor of the same magnitude as 
ACI-318.  Second, there are no provisions for a minimum development length.  As 
shown in Table 2.1, a length of only 5.5” is required by code to develop a 60 ksi 4/16” 
diameter FRP bar.  This will become important when later computing the required splice 
lengths. 
As would be expected for smaller bars, ACI-440.1R requires a longer 
development length to prevent a pullout failure compared to a possible splitting failure.  
However, larger bars tend to be controlled by splitting failures.  ACI-440.1R 
recommends a modification factor of 1.5 (based on provided cover) be applied to 
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equation 2-8 to prevent this.  Table 2.1 also illustrates the significantly longer length 
required to fully develop a CFRP bar with a 275 ksi ultimate tensile strength. 
2.5 Experiments 
2.5.1 Materials 
The concrete was designed to have a compressive strength at 28 days of 7000 psi.  
Specifications for Type III cement (high early strength) and non air-entrained concrete 
were used.  River sand and gravel were used as aggregate.  As can be seen in Table 2.2, 
the actual measured compressive strength varied from 6,456 to 8,184 psi. 
All the CFRP bars were provided by DFI Pultruded Composites, Inc. of Erlanger, 
Kentucky.  The manufacturer reported a tensile strength of 275 ksi and a modulus of 
elasticity of 20,000 ksi.  The carbon and epoxy bars consisted of 65% continuous fibers 
that run the length of the bars, and were manufactured through a pultusion process.  The 
bars, as provided by DFI Pultruded Composites had a smooth surface.  As will be 
described later, the smooth surfaces did not provided enough bonding to the surrounding 
concrete.  Therefore, the bars were sandblasted to increase the surface roughness and 
improve the bond characteristics with the surrounding concrete.  Structural Preservation 
Inc. of Baltimore, Maryland performed the sandblasting. 
2.5.2 Experimental Process 
The experimental phase of the project has already been accomplished 
(Thiagarajan, 1999).  The experimental phase consisted of pull-out tests as well as non-
spliced and spliced reinforced beam tests.  Pull-out tests were performed by casting 6” 
diameter concrete cylinders (12” in length) with various lengths of CFRP bars embedded 
in them.  While pull-out tests do not accurately simulate field conditions, these tests were 
used to develop approximate bond stress ranges for the beam tests described in Chapter 3 
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and 4.  The tests were performed with a constant CFRP bar diameter (6/16”) and varying 
development lengths.  Four (4) deformed steel reinforcement bars (10/16”) were used for 
comparison.   
Table 2.2 lists the test results for the 26 pull-out specimens.  Preliminary tests 
were performed on the first seven (7) specimens of smooth CFRP bars.  As can be seen, 
the resulting low bond stresses made the smooth bars not viable for the beam test due to 
the inability to properly develop the bars for any significant flexural load.  Sand blasting 
the surface of the CFRP bars was done by Structural Preservation, Inc. of Baltimore, 
Maryland.  This resulted in a rough surface, and therefore higher bond stresses.   
As seen in Figures 2.2 and 2.3, the specimens with deformed steel reinforcement 
bars failed by splitting the concrete while the CFRP reinforced specimens failed by 
smoothly pulling out of the concrete.  Since concrete strength has been shown to affect 
the bond stress, 1/K2 and K3 values were computed according to equations 2-6 and 2-7 to 
“standardize” the experimental data (see Table 2.3). 
An unavoidable problem in collecting and evaluating data from experiments is 
dealing with “outliers”.  An outlier can be defined as an observation that does not 
conform to the pattern established by the other observations.  Outliers may result from 
instrument breakdowns, calibration problems or poor construction of specimens.  It is 
important that no data be discarded solely on the basis of a statistical test.  The presence 
of outliers may actually indicate that a different model should be adopted (i.e. 
exponential versus linear).   
Suspicion was raised in the pullout load values of specimens T98-C8(c) and T98-
C7(a).  Both specimens T98-C8(c) and T98-C7(a) are significantly higher than the other 
specimens in their group by 133% and 60% respectively.  As seen in Table 2.3, the 1/K2  
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Table 2.2 
Pull-Out Test Data 
Sample Reinforcement Type 
Embedment 
Length 
(in) 
Concrete 
Strength 
(psi) 
Pullout 
Load 
(lbs) 
Bar 
Stress  
(ksi) 
Average 
Bond  
(psi) 
T98-C1(a) Smooth 5 6,650 425 3.8 72 
T98-C2(a) Smooth 5 7,926 1,066 9.7 181 
T98-C2(b) Smooth 5 7,926 1,007 9.1 171 
T98-C2(c) Smooth 5 7,926 914 8.3 155 
T98-C4(a) Smooth 5 6,456 419 3.8 71 
T98-C4(b) Smooth 5 6,456 536 4.9 91 
T98-C4(c) Smooth 5 6,456 477 4.3 81 
T98-C3(a) Sand-blasted 5 7,110 5,054 45.8 858 
T98-C3(b) Sand-blasted 5 7,110 5,792 52.4 983 
T98-C3(c) Sand-blasted 5 7,110 5,487 49.7 931 
T98-C5(a) Sand-blasted 5 6,959 4,815 43.6 817 
T98-C5(b) Sand-blasted 5 6,959 5,685 51.5 965 
T98-C5(c) Sand-blasted 5 6,959 5,262 47.6 893 
T98-C8(a) Sand-blasted 5 8,184 4,048 36.7 687 
T98-C8(b) Sand-blasted 5 8,184 4,355 39.4 739 
T98-C8(c) Sand-blasted 5 8,184 10,140 91.8 1721 
T98-C7(a) Sand-blasted 7 8,184 12,032 108.9 1459 
T98-C7(b) Sand-blasted 7 8,184 7,492 67.8 908 
T98-C7(c) Sand-blasted 7 8,184 5,594 50.6 678 
T98-C6(a) Sand-blasted 9 8,184 4,147 37.5 391 
T98-C6(b) Sand-blasted 9 8,184 7,434 67.3 701 
T98-C6(c) Sand-blasted 9 8,184 7,815 70.8 737 
T98-C9(a) Deformed Steel 5 7,068 8,145 73.7 1383 
T98-C9(b) Deformed Steel 5 7,068 10,311 93.4 1750 
T98-C9(c) Deformed Steel 7 7,068 13,625 123.4 1652 
T98-C9(d) Deformed Steel 7 7,068 13,450 121.8 1631 
Source: Table 4, Thiagarajan (1999). 
 
  21
Table 2.3 
Pull-Out Test Variables 
Sample Reinforcement Type 
Embedment 
Length (in)
Concrete
Strength 
(psi) 
Average 
Bond  
(psi) 
1/K2 K3 
T98-C1(a) Smooth 5 6,650 72 1.3 289 
T98-C2(a) Smooth 5 7,926 181 3.0 724 
T98-C2(b) Smooth 5 7,926 171 2.9 684 
T98-C2(c) Smooth 5 7,926 155 2.6 621 
T98-C4(a) Smooth 5 6,456 71 1.3 285 
T98-C4(b) Smooth 5 6,456 91 1.7 364 
T98-C4(c) Smooth 5 6,456 81 1.5 324 
T98-C3(a) Sand-blasted 5 7,110 858 15.3 3,432 
T98-C3(b) Sand-blasted 5 7,110 983 17.5 3,933 
T98-C3(c) Sand-blasted 5 7,110 931 16.6 3,726 
T98-C5(a) Sand-blasted 5 6,959 817 14.7 3,270 
T98-C5(b) Sand-blasted 5 6,959 965 17.4 3,860 
T98-C5(c) Sand-blasted 5 6,959 893 16.1 3,573 
T98-C8(a) Sand-blasted 5 8,184 687 11.4 2,749 
T98-C8(b) Sand-blasted 5 8,184 739 12.3 2,957 
T98-C8(c) Sand-blasted 5 8,184 1721 28.5 6,886 
T98-C7(a) Sand-blasted 7 8,184 1459 24.2 5,836 
T98-C7(b) Sand-blasted 7 8,184 908 15.1 3,634 
T98-C7(c) Sand-blasted 7 8,184 678 11.2 2,713 
T98-C6(a) Sand-blasted 9 8,184 391 6.5 1,564 
T98-C6(b) Sand-blasted 9 8,184 701 11.6 2,805 
T98-C6(c) Sand-blasted 9 8,184 737 12.2 2,948 
T98-C9(a) Deformed Steel 5 7,068 1383 24.7 5,531 
T98-C9(b) Deformed Steel 5 7,068 1750 31.2 7,002 
T98-C9(c) Deformed Steel 7 7,068 1652 29.5 6,609 
T98-C9(d) Deformed Steel 7 7,068 1631 29.1 6,524 
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values of 28.5 and 24.2 are 2.4 and 1.6 standard deviations, respectively, higher than the 
average value of 15.4.  Similarly, the K3 value of 6,886 and 5,836 are 2.6 and 1.7 
standard deviations, respectively, higher than the average value of 3,592. 
A common method of identifying potential outliers is to determine the 
interquartile range (IQR) of a sample set of data.  This was performed on the 15 data 
values taken from the sandblasted bar specimens.  Potential outliers are those values that 
are greater than 1.5IQR from either the 1st or 3rd quartile.  For this data set, the values of 
24.2 and 28.5 were identified as potential outliers.  
 
Table 2.4 
Summary of Pullout Test Data 
Average Value 
(Coefficient of Variation) 
(including all data) Discarding 2 “Outliers” Values 
Reinforcement 
Type 
Embedment 
Length (in) Bond 
(psi) 1/K2 K3 1/K2 K3 
Smooth 5 
117.5 
(41.9%) 
2.0 
(40.0%) 
470 
(41.9%) 
- - 
Sandblasted 5 
955.2 
(31.8%) 
Sandblasted 7 
1015.3 
(39.5%) 
Sandblasted 9 
609.8 
(31.2%) 
15.4 
(35.1%) 
3,592 
(35.9%) 
13.7 
(23.1%) 
3,166 
(20.4%) 
Deformed 
Steel 5 
1566.6 
(16.6%) 
Deformed 
Steel 7 
1641.6 
(0.9%) 
28.6 
(9.8%) 
- - - 
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By discarding these two values, the mean 1/K2 value is 13.7 with a coefficient of 
variation (standard deviation divided by mean) of 23.1%.  This represents a lower 
standard deviation than the 35.1% originally presented (Thiagarajan, 1999).  Therefore, 
the average bond strength measured in specimens T98-C8(c) and T98-C7(a) are not 
representative of the typical CFRP bond performance. 
2.6 Conclusions 
Based upon the pullout test data presented in this chapter, an average bond 
strength of 791 psi can be expected.  The beam tests probably can expect slightly lower 
values.  Since the beam tests described later in Chapter 3 will provide a clear cover 
greater than 2db, a pullout failure is predicted.  Therefore, equation 2-8 should be used in 
determining the required development lengths. 
The average K3 value of 3,166 is higher than the 2,850 value documented by 
Ehsani et al (1993, 1996).  However, the lowest value measured (K3 = 2,713 in specimen 
T98-C7(c)) is consistent with the ACI-440.1R recommended value of 2,700.  Therefore, 
we can conclude that the guidelines as presented by ACI-4401.R are consistent with the 
research presented in this paper. 
In addition, the following observations can be made:  
• The average K2 value of 1/13.7 computed in Table 2.4 is also consistent with past 
research.  Pleiman (1987) reported K2 values of 1/18 – 1/19.4.  Faza and GangaRao 
(1990, 1991) derived a K2 value of 1/16.7.  Ehsani et al (1993, 1996) proposed a K2 
value of 1/21.3.  Benmokrane et al (1996b) reported a K2 value of 1/15.6.  
• Two specimens, T98-C8(c) and T98-C7(a), do not conform to measured values of 
the remainder of the group.  If these specimens are discarded, a more consistent 
average value for K2 and K3 can be computed. 
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• It can be noted that the CFRP bars exhibited approximately only 47% of the bond 
capacity of the deformed steel bars.  This is consistent with the modes of failures 
seen. 
• There are two important omissions in the ACI-440.1R document.  First, the 
development length does not appear to include a safety factor of the same 
magnitude as ACI-318.  Second, there are no provisions for a minimum 
development length.  The result is an ACI code required development length that 
is longer for deformed steel reinforcing bars than for CFRP bars. 
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CHAPTER 3 
BEAM STRENGTH TESTS WITH CONTINUOUS CFRP BARS 
 
3.1 Introduction 
In a previous research project funded by the Louisiana Transportation Research 
Center (Thiagarajan, 1999), numerous concrete beams reinforced with continuous 
(unspliced) CFRP bars were tested to determine their ultimate strength and study the 
modes of failure.  The resulting paper (Thiagarajan, 2002) compared the experimental 
data to predicted values based upon ACI-318 (1995).  While some literature review was 
performed as part of that project, the research available was scattered.  The newly 
released ACI-440.1R (2001) was not available at that time. 
This section will review and restate the earlier experimental data (Thiagarajan, 
1999), compare and draw conclusions based upon ACI-440.1R.  Inconsistent values will 
be identified and accounted for.  The relationship between experimental and analytical 
data will be averaged.  This should generate a larger pool of values than the actual 
moment values sorted by reinforcing bar size and tabulated in the original paper 
(Thiagarajan, 1999).  In addition, the experimental deflections and crack widths will be 
compared against those predicted by ACI-440.1R. 
3.2 Failure Modes 
Figure 3.1 illustrates the beam setup and loading positions.  As we know from 
basic statics, the point loadings result in a reaction and shear equal to the applied point 
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load.  The bending moment is the product of the point load and the distance between the 
support bearing and the location of the point load.  See Figure 3.2 for the moment and 
shear diagrams.  Note that with point loads, both the maximum bending moment and 
maximum shear simultaneously occur at the point of loading. 
 
Figure 3.1.  Loading Schematic 
 
Figure 3.2.  Moment and Shear Diagrams for 2-Point Loading. 
 
As a load is applied, the concrete beam will bend, deflect and crack.  As this 
occurs, there are several types of failure modes that could occur: flexural, shear, 
excessive deflections or cracking, or reinforcement bond failure. 
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With flexural failures, the beam specimen can fail either by crushing of the 
concrete in the compression zone or by failure of the reinforcement in tension.  If the 
reinforcement ratio is less than the ratio (ρb) of a balanced section (i.e. simultaneous 
compressive and tension failures), then a tensile failure occurs.  If the reinforcement ratio 
is greater then ρb, then a compressive failure occurs.  Since steel reinforcing will yield 
before it ultimately fails, ACI-318 recommends a tensile failure.  However, since CFRP 
bars do not yield, but instead snap suddenly, ACI-440.1R recommends a crushing failure 
since some degree of warning will occur. 
While the intent of the earlier LTRC research project (Thiagarajan, 1999) was to 
study the overall behavior of concrete beams reinforced with CFRP, it was fully expected 
that flexural failures would govern the experiments.  However, with the recent release of 
ACI-440.1R, the concrete shear capacity equations include a substantial reduction over 
that predicted by ACI-318.  This will be investigated later in this section. 
Cracks due to flexure are going to occur in concrete members due to its low 
tensile strength.  These vertical cracks extending from the tension face (bottom of simply 
supported beams) upwards to the neutral axis.  As mentioned, flexural failures will occur 
when either the tension reinforcement yields or fails (under-reinforced beams) or the 
concrete in the compressive region crushes (over-reinforced beam). Tensile failure will 
be characterized by wide vertical cracks.  Compressive failure will usually result in 
spalling of the concrete, longitudinal cracks located in the compressive zone and vertical 
cracks that do not extend as high. 
Shear stresses will develop inclined cracks that will either occur as independent 
cracks or as extensions of the vertical flexural cracks.  For this “combined” cracking to 
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occur, the applied moment must exceed the cracking moment.  Failure due to shear will 
be sudden. 
3.3 Experiment Setup 
3.3.1 Materials 
Both the concrete and the CFRP bars were similar to that specified in the pull-out 
tests.  The specified “design” concrete compressive strength at 28 days was 7000 psi.  As 
can be seen in Table 3.1, actual values varied from 6,365 psi to 7,995 psi.  A high-
strength concrete was specified to take advantage of the high tensile strength of the CFRP 
bars.  The CFRP bars had an ultimate tensile strength of 275 ksi and a modulus of 
elasticity of 20,000 ksi.  Three (3) concrete beams were constructed with deformed steel 
bars as the primary reinforcing instead of CFRP bars.  The steel had a yield strength of 60 
ksi. 
3.3.2 Beam Tests 
Twenty-one (21) concrete beams were constructed for the beam tests.  The five 
foot (60”) long beams had a 6” x 6” cross section and consisted of two (2) primary 
(tension) reinforcement bars.  Two (2) additional smooth steel bars (60 ksi) were placed 
near the top of the cross section to aid in placing the shear stirrups.  ¼” diameter steel 
bars (40 ksi) were used as the shear stirrups.  Strain gages (1”) were placed at the center 
of the specimen along the top, side and bottom faces of the cross section.  On several 
specimens, strain gages were also placed on the CFRP bars.  The exact setup of all beam 
specimens is included in Appendix C. 
Three (3) of the concrete beams were reinforced with deformed steel bars used as 
a test control.  Nine (9) beams were reinforced with continuous (unspliced) CFRP bars.  
Nine (9) additional beams were reinforced with spliced CFRP bars.  The spliced 
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specimens consisted of varying splice lengths.  The nine splice experiments will be 
discussed in further detail in the following chapters. 
The concrete beam specimens were loaded with a four-point system.  The 
equipment used was the Material Testing System (MTS Model #311.41S) with a force 
capacity of 550 kips.  Testing procedures followed ASTM C78-94 for the four-point 
loading of simple beams.  The point loading were located at approximately third points of 
the five foot (60”) beam.  The arrangement with two applied load points gives a central 
region of constant bending moment. 
 
 
Figure 3.3.  Test Setup (Source:  Thiagarajan, 1999) 
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The MTS measured the applied load and the displacement at the load points as a 
function of time.  A separate data acquisition system recorded the strain gage data also as 
a function of time.  With the time variable, data from both systems can be merged. 
The beam section was selected for two reasons.  First, the predicted ultimate 
loading needed to be within the limits of the equipment capacity.  Second, the section 
needed to be practical.  Since the project funding was through the Louisiana 
Transportation Research Center, a typical bridge deck was considered.  Also, a primary 
benefit of CFRP bars is the corrosion resistance, similar to epoxy-coated steel reinforcing 
used in bridge decks.  Most bridge decks have a thickness of 6”- 9”, and a design loading 
comparable to those found in these experiments. 
3.4 Predictions 
ACI-440.1R, as does ACI-318, makes the following assumptions: 
• Strain in the concrete and the FRP reinforcement is proportional to the distance 
from the neutral axis (i.e. plane sections remain plane); 
• The maximum usable compressive strain in the concrete is 0.003; 
• The tensile strength of concrete is ignored; 
• The tensile behavior of the FRP reinforcement is linearly elastic until failure; 
• Perfect bond exists between the concrete and FRP reinforcement. 
3.4.1 Ultimate Load (Mn) 
In all the beam specimens, the actual ratio of reinforcement to concrete section (ρf 
= 0.0034 – 0.0076) was greater than the balanced reinforcement ratio defined by ACI-
4401.R Eqn. 8-3 (ρfb ≈ 0.0027 for f’c = 7,000 psi).  Therefore, if a flexural failure 
occurred in the beam specimen, it was predicted that it would be compressive in nature.  
The flexural capacity can be computed according to ACI-440.1 Section 8.2.2. 
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 where b = width of rectangular cross section = 6” 
   d = distance to centroid of tension reinforcement 
   ρf = FRP reinforcement ratio 
   f’c = specified compressive strength of concrete 
   ff = stress in FRP reinforcement in tension 
 The predicted stress in the CFRP bars (ff) is defined in ACI-440.1R Eqn. 8-4d as 
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( )
fucufcuf
f
c1
2
cuf
f fE5.0E
'f85.0
4
E
f ≤−⋅+= εε
ρ
βε
 (3-2) 
 where Ef = modulus of elasticity of FRP bar = 20,000 ksi 
   εcu = ultimate strain in concrete = 0.003 assumed 
   β1 = factor taken as 0.70 
   ffu = design tensile strength of FRP bar = 275 ksi 
Using concrete with a compressive strength 7,000 psi and two 6/16” diameter 
CFRP bars, the tensile stress in the CFRP bars and the beam flexural capacity is 
computed to be 153 ksi and 147 in-kips, respectively (see sample calculations in 
Appendix B).  With the given point loading arrangement (Figure 3.1), the predicted 
ultimate load (each applied point load) which will result in a flexural failure is computed 
as 7.7 kips. 
3.4.2 Shear Capacity (Vn) 
The shear capacity for the CFRP reinforced concrete beams is also computed.  
According to ACI-440.1R, the concrete shear capacity is computed per ACI-318 and then 
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modified per ACI-440.1R Eqn. 9-1.  The result is a substantial reduction over that 
predicted by ACI-318. 
The ACI-318 Eqn. 11-5, which includes the combined effect of shear and flexure, 
was used since the shear remains constant to the point of loading which is also the point 
of maximum bending moment. 
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 where Vu = shear force at section = P 
  Mu = moment at section = P ( x ); x = 19” 
ACI-440.1R Eqn. 9-1 then modifies this value to account for the reduction in the 
stiffness of the beam section.  This is the result of the CFRP reinforcement having a 
lower modulus of elasticity than traditional steel reinforcement.  The increased flexibility 
allows wider cracks to form, thus reducing the interlocking mechanism of the concrete 
aggregate.  In the case of the concrete beam specimens tested, Vcf was approximately 
only 35% of Vc. 
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The ultimate beam capacity for shear is the sum of the concrete shear strength and 
the shear strength (Vs) provided by the steel stirrups. 
 
s
dfA
V yvs =   (3-5) 
 where Av = area of shear reinforcement = 0.098 in2 
   fy = specified yield stress of steel reinforcement = 40 ksi 
   s = shear stirrup spacing = 2.5 inches 
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The concrete shear strength and the steel stirrup strength were computed to be 1.7 
and 7.5 kips, respectively.  Therefore, the ultimate shear capacity was computed as 9.2 
kips (see sample calculations in Appendix B).  As mentioned before, the applied shear is 
equal to the point load.  Therefore, the ultimate load applied to the beam would be twice 
that value.  It can be seen that flexure, rather than shear, should control the failure, 
according to ACI-440.1R.  In the beams reinforced with 4/16” and 5/16” bars, the moment 
capacity is lower, yet the shear strength remains unchanged.  Therefore, flexure also 
should control these beam specimens. 
3.4.3 Bond Strength (µf ) 
The predicted bond stress (µ) was computed by using the predicted bar stress (ff) 
and a development length (ld) from the point of loading to the physical end of the 
concrete beam (22”).  If a bond failure were to occur, it should be a smooth pullout 
failure rather than cracking of the concrete.  This was explained and noted in Table 2.1.  
Equation 2-1 of this paper can be rewritten in the following form:   
 
d
f
l4
fd
⋅
⋅
=µ  (3-6) 
Note that the predicted bond stresses (µ) shown in Table 3.1 are less than the 
ultimate strength values (µf) noted in Table 2.2.  Therefore, bond should not control the 
failure. 
Table 3.1 summarizes the predicted capacities of the specimens per ACI-440.1R, 
except for the steel reinforced specimens (B01-B03) that were based upon ACI-318.  All 
ACI equation assumed a maximum compressive strain in the concrete of 0.003 in/in. 
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Table 3.1 
Predicted Flexural Capacities 
 
Concrete 
f’c 
(psi) 
Reinforcing 
Bar Type & 
Size 
Tensile 
Stress, ff 
(ksi) 
(Eq. 3-2) 
Moment 
Mn 
(in-kips) 
(Eq. 3-1) 
Shear 
Vn 
(kips) 
(Eq. 3-4) 
Bond 
µ 
(psi) 
(Eq. 3-6) 
B01 7,995 10/16” Stl yield 234.7 12.8 426.0 
B02 6,780 10/16” Stl yield 236.0 12.4 426.0 
B03 7,984 10/16” Stl yield 248.0 12.8 426.0 
B04 7,054 4/16” CFRP 245.0 109.2 8.3 696.0 
B07 7,149 4/16” CFRP 245.9 109.7 8.3 698.6 
B10 7,749 4/16” CFRP 250.9 112.4 8.3 712.8 
B05 6,965 5/16” CFRP 189.4 128.8 8.7 672.6 
B08 7,411 5/16” CFRP 192.6 131.5 8.7 683.9 
B11 7,982 5/16” CFRP 196.1 134.5 8.8 696.4 
B06 6,654 6/16” CFRP 150.9 144.0 9.1 635.4 
B09 7,732 6/16” CFRP 157.3 151.9 9.2 670.3 
B12 6,365 6/16” CFRP 148.7 141.4 9.0 633.7 
 
 
3.5 Experimental Results 
Table 3.2 summarizes the recorded experimental data.  Because the various beam 
specimens are reinforced with different bar sizes and the concrete strength varies, simply 
looking at only the applied moments is not enough.  However, by comparing the applied 
moment to the predicted moments of Table 3.1, we can compile all 12 tests into a single 
statistical entity. 
As was expected, the steel reinforced beams had the highest capacity of the 12 
tests; the beams reinforced with 4/16” diameter CFRP bars had the lowest.  Suspicion was 
raised concerning the flexural data of beam specimen B07.  It was the only specimen that 
failed at a point lower than the load predicted by ACI-440.1R.  As seen in Table 3.3, the 
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coefficient of variation of was 2.2%, 12.1%, 3.2% and 3.6% for the 5/8” steel bars, the 
4/16”, 5/16” and the 6/16” CFRP bars respectively.  Specimen B07 has significantly affected 
the statistical data for its grouping. 
 
Table 3.2 
Experimental Beam Test Data 
 Reinforcing 
Type & 
Size 
Loading 
Position 
(inches) 
Applied 1 
Load, 2P 
(lbs) 
Applied 1 
Ma 
(in-kips) 
Predicted 
Mn 
(in-kips) 
Ma/Mn 
B01 10/16” Stl 19” 21,968 208.7 234.7 1.1246 
B02 10/16” Stl 19” 22,347 212.3 236.0 1.1116 
B03 10/16” Stl 19” 22,499 213.7 248.0 1.1606 
B04 4/16” CFRP 19” 11,790 112.0 109.2 1.0256 
B07 4/16” CFRP 19” 9,497 90.2 109.7 0.8222 
B10 4/16” CFRP 19” 12,037 114.4 112.4 1.0178 
B05 5/16” CFRP 19” 15,637 148.6 128.8 1.1506 
B08 5/16” CFRP 19” 15,827 150.4 131.5 1.1437 
B11 5/16” CFRP 19” 15,505 147.3 134.5 1.0952 
B06 6/16” CFRP 19” 16,699 158.6 144.0 1.1014 
B09 6/16” CFRP 19” 16,528 157.0 151.9 1.0336 
B12 6/16” CFRP 19” 16,377 155.6 141.4 1.1004 
1Source:  Thiagarajan (1999). 
 
By discarding the measured data for specimen B07, the average Ma/Mn value for 
all unspliced CFRP reinforced beams (see Table 3.3) can be computed as 1.0823 with a 
coefficient of variation of 4.8%.  This says that ACI-440.1R conservatively under-
predicted the actual flexural capacity by approximately 8%. 
Also, specimens B06 and B09 failed in shear.  However, as the data in Table 3.2 
and 3.3 shows, the ratio of the applied moment to the predicted moment is consistent with 
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the other specimens that failed in flexure.  This indicates that while a shear failure did 
occur, a flexural failure in B06 and B09 appeared to be imminent. 
 
Table 3.3 
Summary of Beam Test Data 
Average Value 
(Coefficient of Variation) 
(including all data) Discarding “Outlier” Value (B07)
Reinforcing 
Type & Size Applied Ma 
(in-kips) 
Predicted 
Mn 
(in-kips) Ma/Mn Ma/Mn 
10/16” Stl 211.6 239.6 
1.1323 
(2.2%) 
4/16” CFRP 105.5 110.4 
0.9552 
(12.1%) 
1.0217 
(0.5%) 
5/16” CFRP 148.8 131.6 
1.1265 
(3.2%) 
1.1265 
(3.2%) 
6/16” CFRP 157.1 145.8 
1.0785 
(3.6%) 
1.0534 
(9.4%) 
1.0785 
(3.6%) 
1.0823 
(4.8%) 
 
In addition to quantifying the failure loads, the mode of failure and the physical 
response of the beam are just as important.  Figures 3.4 – 3.7 include photographs of the 
failed beam specimens.  Appendix D includes sketches of the actual crack patterns.  
Table 3.4 tabulates the failure modes, as well as measured values for the concrete 
compressive strain, the maximum deflections and the measured crack widths.   
3.6 Serviceability 
ACI-440.1R provides equations to predict both the immediate deflection and 
crack width that result from the beam flexural stresses.  In a manner similar to computing 
the shear capacities of CFRP members, ACI-440.1R references ACI-318 equations and 
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 Figure 3.4.  Beam specimens B01, B02 and B03 (Thiagarajan, 1999). 
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Figure 3.5.  Beam specimens B04, B07 and B10 (Thiagarajan, 1999). 
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 Figure 3.6.  Beam specimens B05, B08 and B11 (Thiagarajan, 1999). 
 40
 
 Figure 3.7.  Beam specimens B06, B09 and B12 (Thiagarajan, 1999). 
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Table 3.4 
Experimental Beam Test Failures 
 Concrete 
f’c 
(psi) 
Mode of 
Failure 
Concrete 
Strain, εcu 
(in/in) 
Deflection 
 ∆ 
(inches) 
Crack 
Width,w 
(inches) 
B01 7,995 Crushing of concrete in compression - 2.029 - 
B02 6,780 Crushing of concrete in compression -0.00307 2.016 - 
B03 7,984 Crushing of concrete in compression -0.00284 2.056 - 
B04 7,054 Crushing of concrete in compression - 1.537 - 
B07 7,149 Failed with extremely wide cracks -0.002634 1.625 ¼ - ½ 
B10 7,749 Extremely sudden failure - 1.403 0.065 
B05 6,965 Crushing of concrete in compression - 1.136 - 
B08 7,411 Failed with decreasing load as ∆ increased -0.002708 1.417 - 
B11 7,982 Failed with decreasing load as ∆ increased -0.002559 1.428 0.054 
B06 6,654 Appears to be a     shear failure - 1.049 - 
B09 7,732 Extremely sudden failure (shear failure) -0.002260 1.296 - 
B12 6,365 Crack progression very slow after initial load -0.002695 1.230 0.046 
Source:  Thiagarajan (1999). 
 
applies modification factors.  The predicted immediate deflection at midspan (∆), 
according to statics, is defined as: 
 ( )22
ec
x4L3
IE24
Px
−=∆  (3-7) 
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 where P = applied point load 
  x = distance from the support to the location of the load = 19”  
  L = span length = 60” 
  Ec = modulus of elasticity of concrete 
  Ie = effective moment of inertia 
ACI-318 defines the effective moment of inertia as a function of the degree of cracking 
(i.e. Mcr/Ma). 
 gcr
3
a
cr
g
3
a
cr
e IIM
M
1I
M
M
I ≤










	





−+

	





=  (3-8) 
where Mcr = cracking moment = fr (Ig / 0.5h ) ≈ 22.6 in-kips 
  fr = modulus of rupture of concrete, psi ≈ 628 psi 
  Ma = maximum applied moment in a member = P ( x ) 
  Ig = gross moment of inertia = 108 in4 
  Icr = moment of inertia of transformed cracked section 
ACI-440.1R applies a modification factor to the first term, where αb = bond dependent 
coefficient = 0.5 
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Crack width predictions for deformed steel reinforced sections are performed using the 
well known Gergely-Lutz equation. 
 ( )3 css AdE076.0w εβ=  (3-11) 
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where β = ratio of the distance to the extreme tension fiber to the reinforcement 
  dc = thickness of concrete cover 
  A = the effective tension area of concrete 
By replacing the steel strain (εs) with the CFRP strain (εf = ff/Ef), and substituting 
29,000 ksi for the modulus of elasticity (Es), the equation can be rewritten.  A 
modification term (kb) has been introduced to account for differences in the bond strength 
of CFRP bars. 
 32200 Adfk
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=  (3-12) 
For FRP bars having a bond strength equal to that of deformed steel reinforcing, 
kb = 1.0.  For bars having a bond behavior less than steel, kb is greater than one.  ACI-
440.1R recommends a kb value equal to 1.2.  Table 3.5 summarizes the serviceability 
predictions, based on the applied loads.  
Table 3.5 
Predicted Serviceability 
 Concrete 
Ec 
(ksi) 
Stiffness 
Ie 
(in4) 
Applied 
Load, P 
(lbs) 
Deflection 
∆ 
(inches) 
Tensile 
Stress, ff 
(ksi) 
Crack 
w 
(inches) 
B04 4,787 8.52 5,895 1.071 246.7 0.081 
B07 4,819 8.48 4,749 1.799 198.6 0.066 
B10 5,018 8.30 6,019 1.077 251.7 0.083 
B05 4,757 11.77 7,800 1.032 212.9 0.073 
B08 4,907 11.49 7,914 1.041 215.9 0.074 
B11 5,092 11.17 7,753 1.009 211.2 0.072 
B06 4,650 15.96 8,350 0.833 161.3 0.057 
B09 5,012 15.05 8,264 0.811 159.3 0.056 
B12 4,548 16.24 8,189 0.821 158.4 0.056 
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3.7 Conclusions 
The measured applied loads exceeded the flexural capacity calculated by ACI-
440.1R by an average of 8% (Ma/Mn = 1.0823) with a coefficient of variation of 4.8%.  
Therefore, it is reasonable to expect that the actual flexural capacity of the beam 
specimens would be 3% - 13% greater than the ACI-440.1R equations.  This variation is 
reasonable given the variability of concrete.  This expectation will be useful in evaluating 
the beam specimens reinforced with spliced CFRP bars. 
The following major conclusions can be made:  
• In all unspliced specimens (except B07), the applied moment is greater than the 
ACI-440.1R predicted value by 1.1% to 15.1%.  The specimens with 4/16” 
diameter CFRP bars more closely predicted the failure load. 
• The bond stresses (µ) shown in Table 3.1 are less than the ultimate strength values 
(µf) noted in Table 2.2.  Therefore, bond should not control the failure.  Future 
experiments researching the bond strengths may consider using a beam design 
where the CFRP bars will fail either in tension or bond. 
• The concrete beam specimens are “over-reinforced” (i.e. the concrete will crush 
before the CFRP bars fail).  This can be seen in the predicted values where ff < ffu.  
A compressive flexural failure is the recommended approach when designing with 
the brittle CFRP bars.  Since the intent of the LTRC research project 
(Thiagarajan, 1999) was to study the overall behavior of CFRP reinforced 
concrete beams, this is an acceptable failure mode.  Again, future experiments 
may consider using a beam design where the CFRP bars will fail either in tension 
or bond. 
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• With the exception of one steel reinforced beam specimen (B02), the compressive 
strain in the concrete beam specimens did not reach the assumed maximum value 
of 0.003.  Research has shown that higher strength concrete will fail at a strain 
lower than normal-strength concrete (Hognestad, 1951).  While the ACI code 
recognizes that the assumed maximum concrete strain is insignificant in 
determining the flexural strength of a specimen failing in tension, it is directly 
related to the capacity of a specimen failing in compression.  Table 3.6 shows that 
compressive strains at failure of unconfined sections with varying concrete 
strengths.   
Table 3.6 
Failure Strains of Unconfined Specimens 
f’c 
(psi) 
εc 
(in/in) 
3,000 0.0035 
4,000 0.0034 
5,000 0.0032 
6,000 0.0031 
7,000 0.0029 
   Source:  Hognestad (1951) 
 
By interpolation, a concrete strength of 6,700 psi would result in a failure 
strain of 0.003.  Table 3.4 documents measured values lower than this research 
(Hognestad, 1951) would predict.  If the ACI-440.1R equations are adjusted for a 
lower assumed maximum concrete strain, then the predicted moment capacity 
would also be lower (i.e. more conservative than originally thought). 
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The following additional observations were made: 
• Beam specimen B07 appears to be a “bad” specimen.  It was the only specimen 
that failed at a point lower than the load predicted by ACI-440.1R.  The specimen 
also developed unusually wide flexural cracks. 
• Two of the beam specimens reinforced with 6/16” CFRP bars failed in shear (B06 
and B09).  It is reasonable that the more heavily reinforced beam specimens 
would be more susceptible to shear failures since they have a higher flexural 
capacity than the 4/16” and 5/16” beam specimens.  However, as discussed in 
Section 3.4 of this chapter, shear should not control the mode of failure.  Since the 
modification factor of equation 3-4 attempts to account for the lower stiffness of 
CFRP reinforced beams, it would appear that the concrete beams used in the 
experiments have a lower stiffness than expected. 
Also, with a beam section this small (6” x 6”), construction tolerances may 
also have influenced the results.  A shear stirrup spacing varying by only ¼” (one 
bar diameter) could result in a 10% decrease in shear capacity.  In future 
experiments, the beams should be designed to withstand a higher shear load. 
• Earlier in this chapter, the beam specimens were compared to a typical bridge 
deck section.  If the shear results presented in this paper are typical, then the use 
of CFRP reinforcing bars in bridge decks may be prohibitive since shear stirrups 
usually are not present.  The shear capacity predicted by ACI-440.1R indicated an 
extremely low resistance by the concrete section only. 
• The measured deflections were greater than the predicted value by 7% - 57%.  
This again indicates that the concrete beam specimens have a lower stiffness than 
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expected (αb < 0.5).   From a design point-of-view, the deflections were within the 
acceptable limits of ACI-318 Table 9.5(a) (∆allow = L/28 = 2.14”). 
• The measured crack widths were lower than the predicted value by 13% - 26%.  It 
can be noted that a kb value of 1.0 would have yielded predicted values very close 
to those measured.  As Table 3.1 noted, the predicted bond stresses were within 
the acceptable limit.  Therefore, since a bond failure was not imminent, it is 
reasonable that the CFRP beams would have bond behavior similar to that of 
deformed steel reinforcing.  Note that the measured crack widths were not 
acceptable according to the ACI-318 requirements (wallow = 0.013”) for steel 
reinforcing under exterior exposure. 
Overall, the beam strengths tests accomplished their objective to determine their ultimate 
strength and study the modes of failure.  The shear failures were a surprise, and are 
unexplained.  However, enough information pertaining to the flexural capacities and 
bond stresses were gathered to make reasonable predictions for the beam specimens with 
spliced CFRP reinforcing bars. 
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CHAPTER 4 
BEAM STRENGTH TESTS WITH SPLICED CFRP BARS 
 
4.1 Introduction 
Following the tests performed on the concrete beams reinforced with continuous 
(unspliced) CFRP bars (Thiagarajan, 1999), nine beams reinforced with spliced CFRP 
bars were tested to determine their ultimate strength and study the modes of failure.  
Little research outside of this project has been done to investigate the performance of 
spliced FRP bars.  The ACI-440 committee acknowledges that data is lacking, and that 
code predictions are conservative.  The objective of this chapter is to reinforce or dispute 
the available literature. 
The test setup is a very realistic situation.  As discussed in Chapter 3, the 6” 
section depth, the 5’ span length and the applied moments are all consistent with typical 
bridge decks.  In addition to a high tensile strength, CFRP bars offer an added resistance 
to corrosion, even better than epoxy-coated steel reinforcement.  In some parts of the 
state, the Louisiana Department of Transportation and Development (LaDOTD) requires 
the use of epoxy-coated reinforcement to combat the corrosive effects of salting.  Due to 
length restrictions, splices are often required during the placement of the reinforcement. 
As noted previously, pull-out tests do not accurately represent the bond strength 
found in flexural members.  Pull-out tests introduce a uniform compressive force to the 
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concrete cylinder (approximately 200 – 300 psi in our tests).  Beam tests more accurately 
reflect the tension in the concrete surrounding the CFRP bar. 
This section will review and restate the earlier experimental data (Thiagarajan, 
1999), compare and draw conclusions based upon ACI-440.1R.  The scope of this chapter 
is to predict the flexural capacity of the beam specimens based upon ACI-440.1R, and 
compare to the experimental values.  The tensile stresses in the CFRP bars, and bond 
stresses associated with the varying splice lengths shall be investigated and discussed.  In 
addition, the data will be compared against the primary source of research available at 
this time (Benmokrane, 1997). 
4.2 Splice Theory 
Splicing of reinforcing bars is often necessary due to length restrictions and handling 
capabilities.  George F. Leyh of the CRSI (Proceeding of the PCA-ACI Teleconference 
on ACI 318-77 Building Code Requirements, 1972) noted the following: 
• Splicing of reinforcement can never reproduce exactly the same effect as 
continuous reinforcing. 
• The goal of splice provisions is to require a ductile situation where the reinforcing 
will yield before the splices fail.  Splice failures occur suddenly without warning 
and with dangerous results. 
Lap splices provide a length of overlap between two adjoining bars, thus simulating 
continuous reinforcement.  In theory, as the force in one bar reduces due to its reducing 
development length, the force in the other bar increases as its development length 
increases.  However, where research has shown a stress concentration at the free end of a 
developed reinforcing bar, lap splices now have that concentration at both ends of the 
overlap length.  In addition, where the bonding and development has shown to be 
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affected by the bar spacing, lap splices provide twice the number of bars within the 
overlap length.  A group of bars, or spliced bars, will create a more adverse situation than 
a single bar because of the close spacing.  Both of these factors reduce the bond strength 
of the reinforcement.  Therefore, codes typically require a lap splice length greater than 
the computed development length. 
A lap splice transfers the applied force from one bar to another bar through the 
bond with the surrounding concrete.  Note that there is no mechanical connection 
between lap spliced reinforcing bars.  Due to the discontinuity, flexural cracks often will 
first occur at the free end of the spliced bars.  A bond failure with spliced reinforcement 
is indicated by longitudinal cracks parallel to the reinforcing bars. 
4.3 Literature Review 
Makitani et al (1993) conducted experiments on a truss-type beam specimen using 
CFRP bars.  Some tests include bars with lap splices.  The authors concluded that 
ultimate strength could be obtained with embedment lengths greater then 40 times the 
diameter.  They acknowledged that the bond strength increased with increasing 
embedment lengths.  However, the authors could not explain the inconsistent results 
occurring in lap splices of lengths 40 – 60 times the bar diameter.   
Benmokrane followed his article (Benmokrane et al 1996b) on bond stresses with 
another paper dealing with lap splice lengths (Benmokrane 1997).  He conducted 
experiments with 1/2” and 5/8” GFRP bars with varying splice lengths (0.6ld – 1.6ld) as a 
function of the required development length according to ACI-318.  In the beam 
specimens reinforced with 1/2” bars, a tensile flexural failure (ρ<ρb) was predicted.  He 
found that there was a good correlation between the theoretical and the measured 
moments in the specimens with a splice length equal to 1.6ld.  In the beam specimens 
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reinforced with 5/8” bars, a compressive flexural failure (ρ>ρb) was predicted.  Since the 
GFRP bars were not expected to reach their tensile capacity, it was predicted that a 
shorter splice length would provide a measured moment equal to the theoretical moment 
capacity.  He found that this occurred in the specimen with a splice length equal to 0.9ld.  
He concluded that for a Class B tension lap splice (as defined by ACI-318), the ultimate 
capacity of a FRP bar is obtained at a splice length of 1.6 times the development length 
(1.6ld) as defined by ACI-318.  
4.4 ACI Codes 
Most codes describe the tension lap splice length as a function of the development 
length.  ACI-318 Section 12.15.1 defines the required lap splice (Class B) length for 
deformed bars in tension as 1.3ld.  All splices are considered Class B splices except 
where the reinforcement provided is greater than two (2) times that required and when 
less than half of the reinforcement is spliced at any one location.    ACI-318 Section 
12.2.4 applies a modification factor to the required development length for epoxy-coated 
steel reinforcement of 1.2 – 1.5, depending on the clear cover and bar spacing.  Section 
12.2.5 also allows a reduction in the required development length where excess 
reinforcement is provided.  This reduction is proportional to the excess reinforcement 
(As,req’d /As,provided). 
In a similar manner, ACI-440.1R defines the required tension lap splice (Class B) 
length as a function of the computed development length (ACI-440.1R Eqn. 11-7), but 
uses a higher factor of 1.6 (instead of the 1.3 used by ACI-318).  In using this higher 
value, the code is acknowledging that limited data is available and is taking a slightly 
more conservative approach.  ACI-440.1R was based upon the only available research at 
that time (Benmokrane, 1997). 
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4.5 Experiment Setup 
4.5.1 Materials 
Both the concrete and the CFRP bars were similar to that specified in beam 
strength tests.  The specified “design” concrete compressive strength at 28 days was 7000 
psi.  As can be seen in Table 4.3, actual values varied from 6,380 psi to 7,467 psi.  The 
CFRP bars had an ultimate tensile strength of 275 ksi and a modulus of elasticity of 
20,000 ksi. 
4.5.2 Test Setup 
Test procedures similar to the unspliced beam tests were conducted.  Figure 3.3 
illustrates the beam setup and loading positions.  Note that with point loads, both the 
maximum bending moment and maximum shear simultaneously occur at the point of 
loading. 
The five foot (60”) long beams had a 6” x 6” cross section and consisted of two 
(2) primary (tension) reinforcement bars.  Two (2) additional smooth steel bars (60 ksi) 
were placed near the top of the cross section to aid in placing the shear stirrups.  ¼” 
diameter steel bars (40 ksi) were used as the shear stirrups.  Strain gages (1”) were placed 
at the center of the specimen along the top, side and bottom faces of the cross section.  
On several specimens, strain gages were also placed on the CFRP bars.  The exact setup 
of all beam specimens is included in Appendix C. 
Nine (9) concrete beam specimens were constructed with spliced CFRP rebars.  
The spliced specimens consisted of varying lap splice lengths (26”, 34” and 42”).  Since 
the design of lap splice lengths (ls) is a function of the development length, Table 4.1 
document those lengths used in the beam specimens.  The required development length 
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(ldf) is taken from Table 2.1 and based upon a predicted pull-out failure (equation 2-8) 
utilizing the ultimate tensile stress available in the CFRP bar. 
 
Table 4.1 
Experimental Lap Splice Lengths 
(Based Upon Ultimate Stresses) 
Lap Splice Length 
 Ultimate,ffu (ksi) 
ldf 
(inches) 26” 34” 42” 
4/16” 275 25.5” 1.02ldf 1.33ldf 1.65ldf 
5/16” 275 31.8” 0.82ldf 1.07ldf 1.32ldf 
6/16” 275 38.2” 0.68ldf 0.89ldf 1.10ldf 
 
 
The concrete beam specimens were loaded with a four-point system.  The 
equipment used was the Material Testing System (MTS Model #311.41S) with a force 
capacity of 550 kips.  Testing procedures followed ASTM C78-94 for the four-point 
loading of simple beams.  The point loading were located at approximately third points of 
the five foot (60”) beam.  The arrangement with two applied load points gives a central 
region of constant bending moment. 
The MTS measured the applied load and the displacement at the load points as a 
function of time.  A separate data acquisition system recorded the strain gage data also as 
a function of time.  With the time variable, data from both systems can be merged.  After 
failure. The slip between the spliced reinforcement was measured at a free end.  Slip at 
the physical end of the concrete beam specimen was not measured.  
At the point of loading where both the maximum moment and shear occur, the 
reinforcing bar must be developed both toward the physical beam end as well as through 
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the lap splice.  The splice lengths used placed the physical ends of the reinforcing bars 
equal to or outside of the constant moment region.  Since the bond behavior in the spliced 
and the unspliced regions is different, they can not directly be compared.  Therefore, 
bond stresses along the length from the load to the end of the concrete beam, as well as 
those along the splice length will be computed and discussed. 
4.6 Predictions 
4.6.1 Ultimate Load (Mn) 
In all the beam specimens, the actual reinforcement ratio (ρf) was greater than the 
balanced reinforcement ratio (ρfb).  Therefore, if a flexural failure occurred in the beam 
specimen, it was predicted that it would be compressive in nature.  The predicted stress in 
the CFRP bars (ff) and the flexural capacity can be computed according to equations 3-1  
and 3-2 defined in Chapter 3. 
Using concrete with a compressive strength 7,000 psi and two 6/16” diameter 
CFRP bars, the tensile stress in the CFRP bars and the beam flexural capacity is 
computed to be 153 ksi and 147 in-kips, respectively (see the sample calculation in 
Appendix B).  With the given point loading arrangement (Figure 3.1), the predicted 
ultimate load (each applied point loads) which will result in a flexural failure is computed 
as 7.7 kips.  As described in Chapter 3, flexure, rather than shear, should control the 
failure, according to ACI-440.1R.   
Table 4.2 summarizes the predicted flexural capacity of the beam specimens per 
ACI-440.1R.  All ACI equations assumed a maximum compressive strain in the concrete 
of 0.003 in/in.  The moment capacity (Mn) was computed for a section with two 
continuous (unspliced) primary reinforcing bars.   
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Table 4.2 
Predicted Flexural Capacities 
(Continuous Reinforcement) 
 Concrete 
f’c 
(psi) 
Diameter 
db 
(inches) 
Tensile 
Stress, ff 
(ksi) 
(Eq. 3-2) 
Moment 
Mn 
(in-kips) 
(Eq. 3-1) 
B13 6,520 4/16” 239.5 106.3 
B16 6,380 4/16” 237.9 105.4 
B17 6,408 4/16” 238.2 105.6 
B14 7,467 5/16” 193.0 131.8 
B19 6,834 5/16” 188.3 127.9 
B18 6,438 5/16” 184.9 125.6 
B15 7,288 6/16” 155.0 148.9 
B20 6,863 6/16” 152.3 145.7 
B21 7,068 6/16” 153.6 147.3 
 
 
Since the tensile stress in the CFRP bar is less than its ultimate strength (i.e. an 
excess of flexural reinforcement is provided), a reduction in the required development 
length was allowed according to ACI-440.1R.  Equation 2-8 is recomputed based upon 
the predicted tensile stress (ff) occurring as a result of the applied loads.  These stresses 
are the rough averages of those noted in Tables 3.1 and 4.2.  Table 4.3 document those 
splice lengths used in the beam specimens as a function of the reduced development 
lengths.  
4.6.2 Bond Strength (µf) 
The predicted bond stress (µ) was computed according to equation 3-6 by using 
the predicted bar stress (ff) and a controlling development length (ld) from the point of 
loading to the physical end of the concrete beam.  If a bond failure were to occur, it 
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should be a smooth pullout failure rather than cracking of the concrete.  This was 
explained and noted in Table 2.1.  Note that several of the predicted bond stresses (Table 
4.4) exceed the average value noted in Table 2.4 (µf.avg = 791 psi ± 158 psi).  However, all 
but one of the predicted values is within the noted standard deviation.  Therefore, it is 
unclear whether bond should control the failure. 
 
Table 4.3 
Experimental Lap Splice Lengths 
(Based Upon Predicted Stresses) 
Lap Splice Length  Predicted, ff 
(ksi) 
ldf 
(inches) 26” 34” 42” 
4/16” ≈ 240 22.2 1.17ldf 1.53ldf 1.89ldf 
5/16” ≈ 190 22.0 1.18ldf 1.55ldf 1.91ldf 
6/16” ≈ 150 20.8 1.25ldf 1.63ldf 2.02ldf 
 
 
Since the provided development length is less than that required (Table 4.3) to 
develop the predicted flexural stresses, a reduction factor should be applied to the 
computed flexural capacity.  Table 4.4 summarizes the predicted moment capacities 
taking into account the actual development length to the physical end of the concrete 
beams.  Note that this reduced capacity can be as low as 72% of that for a continuously 
reinforced beam section. 
4.7 Experimental Results 
Table 4.5 summarizes the measured loads and the resulting applied moment from 
the test experiments.  The applied tension stress (ff) shown was computed using equation 
4-1.  The average bond stress was computed (Eqn. 4-2) using the provided end 
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development lengths noted in Table 4.4.  Since the average bond stress was computed 
along the unspliced (end) region, the reinforcement area (Af) was based upon two (2) 
CFRP bars. 
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Table 4.4 
Predicted Flexural Capacities 
(Provided End Development Lengths) 
 Provided 
End ld 
(inches) 
Required 
ldf 
(inches) 
Reduction 
Factor 
Moment  
Mn 
(in-kips) 
Reduced 
Mn’ 
(in-kips) 
Bond 
Stress, µ 
(psi) 
4/16” diameter bars 
B13 22” 22.2” 0.991 106.3 105.3 677.6 
B16 16” 22.2” 0.721 105.4 76.0 923.8 
B17 16” 22.2” 0.721 105.6 76.1 925.4 
5/16” diameter bars 
B14 22” 22.0” 1.000 131.8 131.8 1,027.9 
B19 16” 22.0” 0.727 127.9 93.0 915.5 
B18 16” 22.0” 0.727 125.6 91.3 899.0 
6/16” diameter bars 
B15 22” 20.8” 1.000 148.9 148.9 664.8 
B20 16” 20.8” 0.769 145.7 112.0 894.7 
B21 16” 20.8” 0.769 147.3 113.3 904.7 
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Table 4.5 
Experimental Beam Test Data 
 Splice 
Length 
(inches) 
Loading 
Position 
(inches) 
Applied 1 
Load, 2P 
(lbs) 
Applied 1 
Ma 
(in-kips) 
Applied 
Stress, ff 
(ksi) 
Bond 
Stress, µ 
(psi) 
4/16” diameter bars 
B13 26” 19” 10,009 95.1 209.7 595.7 
B16 34” 13” 14,008 91.1 200.9 784.8 
B17 42” 13” 15,732 102.3 225.6 881.3 
5/16” diameter bars 
B14 26” 19” 15,259 145.0 208.1 739.0 
B19 34” 13” 14,746 95.8 137.7 672.4 
B18 42” 13” 12,757 82.9 119.2 582.0 
6/16” diameter bars 
B15 26” 19” 15,695 149.1 151.4 645.2 
B20 34” 13” 21,210 137.9 140.2 821.5 
B21 42” 13” 14,387 93.5 95.0 556.6 
1 Source:  Thiagarajan (1999). 
 
For a given bar diameter, it would be expected that the moment capacity would 
increase as the splice length increased.  This did not consistently occur.  The applied 
ultimate moment actually decreased in the beam specimens reinforced with 5/16” and 6/16” 
CFRP bars.  It appears that the capacity is influenced not by the splice length as much as 
the development length (i.e. loading position) to the physical end of the beams.  The 
computed average bond stresses along the unspliced (end) region are consistent with 
those values noted in Table 2.4 (µf.avg = 791 psi ± 158 psi).  The mean value for the 
average bond stresses tabulated in Table 4.5 is 698 psi. 
While the apparent controlling development length was measured to the physical 
end of the concrete beam specimen, bond stresses also will develop along the lap splice 
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length.  Table 4.6 computes the average applied bond stresses (according to Eqn. 4-2) 
along the spliced portion of the CFRP bars.  The applied tensile stresses are those noted 
in Table 4.5.  The bond stresses were computed for a section with two continuous 
(unspliced) primary reinforcing bars.  It was assumed that as one bar became less 
effective, the spliced bar increases effectiveness.  Rearranging eqns. 2-7 and 2-8, we can 
compute the constants K2 and K3. 
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Table 4.6 
Applied Average Bond Stresses Along Splice Length 
 Concrete 
f’c 
(psi) 
Splice 
Length 
(inches) 
Applied 
Stress, ff 
(ksi) 
Bond 
Stress, µf 
(psi) 
1/K2,splice K3,splice 
4/16” diameter bars 
B13 6,520 26” 209.7 504.1 6.2 2016.4 
B16 6,380 34” 200.9 369.3 4.6 1477.2 
B17 6,408 42” 225.6 335.7 4.2 1342.8 
5/16” diameter bars 
B14 7,467 26” 208.1 625.3 9.0 2501.2 
B19 6,834 34” 137.7 316.4 4.8 1265.6 
B18 6,438 42” 119.2 221.7 3.4 886.8 
6/16” diameter bars 
B15 7,288 26” 151.4 545.9 9.6 2183.6 
B20 6,863 34” 140.2 386.6 7.0 1546.4 
B21 7,068 42” 95.0 212.1 3.8 848.2 
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For a given bar diameter, the average bond stresses along the spliced region, as 
well as the constants 1/K2,splice and K3,splice decreased as the splice length increased.  This 
was a predictable response. 
The measured experimental moment capacity, Ma (Table 4.5), can be compared 
against both the ACI-440.1R predicted capacity, Mn and the reduced capacity based on a 
lack of development length to the physical end of the concrete beams, Mn’ (Table 4.4).  
Table 4.7 shows the comparisons.  With the exception of beam specimen B14, all the 
beams failed at a load equal to or lower than predicted by the ACI-440.1R equation (Mn).  
This was to be expected.  It had been predicted that the beams would fail at either a 
reduced load (Mn’) or as a bond failure along the lap splice length. 
 
Table 4.7 
Experimental/Predicted Data Comparison 
 Splice Multiplier 
Applied 
Ma 
(in-kips) 
Predicted 
Mn 
(in-kips) 
Reduced 
Mn’ 
(in-kips) 
Ma/ Mn Ma/ Mn’ 
4/16” diameter bars 
B13 1.34 ldf 95.1 106.3 105.3 0.8946 0.9031 
B16 1.83 ldf 91.1 105.4 76.0 0.8643 1.1987 
B17 2.00 ldf 102.3 105.6 76.1 0.9688 1.3443 
5/16” diameter bars 
B14 1.08 ldf 145.0 131.8 131.8 1.1002 1.1002 
B19 2.14 ldf 95.8 127.9 93.0 0.7490 1.0301 
B18 3.04 ldf 82.9 125.6 91.3 0.6600 0.9080 
6/16” diameter bars 
B15 1.24 ldf 149.1 148.9 148.9 1.0013 1.0013 
B20 1.74 ldf 137.9 145.7 112.0 0.9465 1.2313 
B21 3.18 ldf 93.5 147.3 113.3 0.6348 0.8279 
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As discussed, the splice lengths are commonly described as a function of the 
development length.  For the purpose of analysis of the lap splices, the development 
lengths referenced in Table 4.7 were computed based on the applied tensile stresses noted 
in Table 4.6 rather than the predicted stresses noted in Tables 4.2 and 4.3.  This should 
more accurately describe the splice lengths provided. 
As concluded with the unspliced beams in Chapter 3, it is reasonable to expect 
that the flexural capacity of the experimental test specimens would be 3% - 13% greater 
than that predicted by ACI-440.1R.  The standard deviation of spliced specimens 
probably will be slightly larger since the experiment also includes the effects of bond 
variations.   
In addition to quantifying the failure loads, the type of failure is just as important.  
Table 4.8 tabulates the failure mode, as well as measured values for the concrete 
compressive strain, the maximum deflections and the measured slip at the free end of the 
spliced bars.  Figures 4-1 through 4-3 include photographs of the failed beam specimens.  
Appendix D includes sketches of the actual crack patterns of the failed beam specimens.  
 Since the modes of failure varied (compression, shear, bond, etc.), it is difficult to 
confidently identify a provided splice length as being ideal (i.e. simulating an unspliced 
reinforced beam).  However, the failure of beam specimen B15 was characterized by 
longitudinal cracking typical of a bond failure.  Therefore, we may conclude that the 
provided splice length of 1.24 ldf is not adequate to fully develop the tensile stresses.   
Specimen B13 (1.34 ldf) did not appear to fail in bond along the splice length.  
Note that specimen B14 (1.08 ldf) did not behave consistent to the other specimens.  It 
would appear that a lap splice length greater than 1.34 ldf is sufficient to fully develop the 
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CFRP reinforcing bar.  Also note that the coefficient of variation of the spliced beams 
will be greater than the unspliced reinforced concrete beam specimens. 
 
Table 4.8 
Experimental Beam Test Failures 
 Concrete 
f’c 
(psi) 
 
Failure 
Concrete 
Strain, εcu 
(in/in) 
Deflection 
∆ 
 (inches) 
Slip in 
CFRP Bar 
(inches) 
4/16” diameter bars 
B13 6,520 Crushing of concrete in compression -0.00166 - 0.020” 
B16 6,380 Appears to be a shear failure 1 -0.00142 1.1106 0.065” 
B17 6,408 Appears to be a shear failure 1 -0.00138 1.0737 0.025” 
5/16” diameter bars 
B14 7,467 Crushing of concrete in compression -0.00162 1.1000 - 
B19 6,834 Wide cracking at splice points - 0.9229 - 
B18 6,438 Appears to be a shear failure 1 -0.00092 0.7536 0.060” 
6/16” diameter bars 
B15 7,288 Bond failure        along lap splice -0.00134 0.7437 0.25” 
B20 6,863 Rods cracked at splice points -0.00130 0.8013 0.125” 
B21 7,068 Odd crack pattern at splice points -0.00090 0.8702 - 
Source:  Thiagarajan (1999). 
1 Apparent shear failure may have been initiated by a bond failure at the end of the 
concrete beam. 
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 Figure 4.1.  Beam specimens B13, B16 and B17 (Thiagarajan, 1999). 
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 Figure 4.2.  Beam specimens B14, B18 and B19 (Thiagarajan, 1999). 
 65
 
 Figure 4.3.  Beam specimens B15, B20 and B21 (Thiagarajan, 1999). 
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4.8 Discussion of Results 
The beam tests conducted (Thiagarajan, 1999) are similar to those performed by 
Benmokrane (1997).  Therefore, it is applicable to compare the results of both research 
projects. 
Benmokrane conducted experiments with 1/2” and 5/8” GFRP bars with varying 
splice lengths.  He found that there was a good correlation (-3%) between the theoretical 
and the measured moments in the under-reinforced beam specimens with a splice length 
equal to 1.6ld, where ld was defined as a function of the required development length 
according to ACI-318.  In his study, two rebar diameters of 1/2” and 5/8” were used, 
giving a development length of 30.3” and 38.0”, respectively. 
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In another paper (Benmokrane, 1996b), a different equation for bond was 
provided with a K2 value of 1/15.6.  Use of this equation would have produced computed 
development lengths of 24.3” and 38.0” for the 1/2” and 5/8” diameter bars, respectively. 
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This paper, as well as ACI-440.1R, has defined the splice length as a function of 
the development length as computed by ACI-440.1R Eqn. 11-8.  If the parameters used in 
Benmokrane’s study (1997) were applied, a development length of 18.4” and 23.1” can 
be computed for the 1/2” and 5/8” diameter bars, respectively. 
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The point that can be made from this discussion of Benmokrane’s paper (1997) is 
that care needs to be taken in directly applying the ACI-440.1R guidelines for lap splice 
lengths.  Benmokrane’s recommended splice length based on Eqn. 4-5 (1.6 ld) is 
significantly different than what he might have noted using Eqn. 4-6 (2.0 ldf) or Eqn. 4-7 
(2.6 ldf).  Note that this paper has identified splice lengths greater than 1.34 ldf as best 
producing the desired results. 
Benmokrane noted that as the splice length increased, so did the failure load.  He 
calculated bond stresses at failure based upon the provided splice length ranging from 
555 psi (0.6ld,ACI-318) to 236 psi (1.6ld,ACI-318).  Failure was by the splitting of the concrete 
surrounding the GFRP bars.  The 236 psi bond strength produces a K2 value of 1/7.2.  Note 
that the unspliced K2 is more than twice the spliced K2 (15.6/7.2). 
Thiagarajan (1999) tested beams with splice lengths from 1.08 to 3.18 times the 
computed development lengths (ldf) based on applied stresses.  The beam specimens that 
produced actual capacities closest to the ACI-440.1R predicted values (B13 and B15) 
exhibited bond stresses between 504.1 – 625.3 psi (K2 = 1/9.6).  Note that the unspliced K2 
as shown in Table 2.4 is 1.4 times K2,splice (13.7/9.6).  This is consistent with the results 
shown in Table 4.7. 
4.9 Conclusions 
Lap splice lengths greater than 1.34 times the development length (ldf) computed 
according to ACI-4401.R produced actual flexural capacities not governed by the lap 
splices.  Bond strengths exhibited in the pull-out tests were approximately 1.4 times 
greater than the bond stresses exhibited along the splice length. 
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The following major conclusions can be made:  
• The computed average bond stresses along the unspliced (end) region are 
consistent with those values noted in Table 2.4 (µf.avg = 791 psi ± 158 psi).  The 
mean value for the average bond stresses tabulated in Table 4.5 is 698 psi.  
• For a given bar diameter, the average bond stresses along the spliced region, as 
well as the constants 1/K2 and K3 decreased as the splice length increased.  This 
was a predictable response.   
• For a given bar diameter, it would be expected that the moment capacity would 
increase as the splice length increased.  This did not consistently occur.  The 42” 
splice produced unpredictable results in the specimens reinforced with 5/16” and 
6/16” diameter bars.  It appears that the capacity is influenced not by the splice 
length as much as the controlling development length to the physical end of the 
beam.  
• The measured slip was not consistent with the applied average bond stress. 
• The measured concrete strains are significantly less than those measured in the 
unspliced beam specimens.  This can probably be attributed to an increase in 
stiffness due to the spliced reinforcement.  As long as the average bond stress is 
below the bond capacity, the beam section responds as if both bars (four total) are 
partially effective.  While not entirely double the stiffness of the beam section 
reinforced with two continuous bars, the increase is substantial.  This will be 
discussed further in Chapter 5.  
• It was unclear whether the lap splice lengths or the distance to the physical end of 
the beam specimens controlled the development length of the test setups.  Since 
the bond behavior in the spliced and the unspliced regions are different, they can 
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not be compared directly.  Therefore, bond stresses along the length from the load 
to the end of the concrete beam, as well as those along the splice length were 
computed and discussed.  While some interpretation into the bond stresses and 
failure modes is possible, this reduces the validity of making accurate predictions 
pertaining to the lap splice lengths.  Recommend that future tests be conducted 
with a span length sufficient to adequately develop the reinforcement. 
In addition, the following observations can also be made: 
• The concrete beam specimens are “over-reinforced” (i.e. the concrete will crush 
before the CFRP bars fail).  This can be seen in the predicted values where ff < ffu.  
This is an acceptable mode of failure, and can be used in future spliced 
reinforcement specimens as long as the actual stress in the CFRP bar is 
considered when determining the required development length. 
• The measured deflections are less than those measured in the unspliced beam 
specimens.  Again, this can probably be attributed to an increase in stiffness due 
to the spliced reinforcement.   
• Several of the beam specimens (B16, B17 and B18) failed in shear.  However, as 
discussed in Section 3.4 of this thesis, shear should not have controlled the mode 
of failure.  In addition, it is unreasonable that shear occurred in these particular 
specimens since other specimens obtained higher loads.  Since shear is outside the 
scope of this research, future experiments should provide that the beams be 
designed to withstand a higher shear load.  
• As discussed, the development length to the physical end of the concrete beam 
may have controlled.  Slip should have been measured at this location. 
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CHAPTER 5 
MOMENT-CURVATURE RELATIONSHIP 
 
5.1 Introduction 
In a previous research project funded by the Louisiana Transportation Research 
Center (Thiagarajan, 1999), numerous concrete beams reinforced with continuous 
(unspliced) CFRP bars were tested to determine their ultimate strength.  The resulting 
paper (Thiagarajan, 2002) discussed the deflection and ductility behavior of the concrete 
specimens reinforced with continuous CFRP bars.  The stiffness is typically described 
through a moment-curvature relationship. 
This section will review and restate the earlier experimental data (Thiagarajan, 
1999), compare and draw conclusions based upon a theoretical model.  In addition, the 
previous investigation will be expanded to include the behavior of the beams reinforced 
with spliced CFRP bars.   
5.2 Theory 
The load-deformation behavior of a flexural member is important for several 
reasons.  As discussed earlier in this paper, the serviceability (deflection) is directly a 
function of the cross-section stiffness.  As the previously discussed data showed, 
measured values exceed those predicted by ACI-440.1R (see Table 3.4 and 3.5).  In 
addition, the behavior of the beams with spliced CFRP reinforcement can be compared to 
those specimens with continuous (unspliced) reinforcement.  This may give an indication 
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to the degree of bond in the lap splice.  Curvature is defined as the gradient of the strain 
profile of an element and is a measure of stiffness or ductility of a section.  Figure 5.1 
shows an illustration of the deformation and the associated strain of a typical steel 
reinforced flexural member. 
 
 
 Figure 5.1.  Deformation of a flexural member (Source: Park, 1975). 
 
ACI-440.1R, as does ACI-318, makes the following assumptions relating to curvature: 
• Strain in the concrete and the FRP reinforcement is proportional to the distance 
from the neutral axis (i.e. plane sections remain plane);  
• The tensile strength of concrete is ignored; 
• The tensile behavior of the FRP reinforcement is linearly elastic until failure; 
• Perfect bond exists between the concrete and FRP reinforcement. 
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The curvature of a beam section can be computed in several ways. 
1) Using the applied moment (Ma) and the computed flexural stiffness based upon 
the measured displacements.  Note that this procedure is based upon center point 
displacement, assuming that the inertia remains constant along beam (i.e. smeared 
crack approach).  Equation 3-7 of this paper can be rearranged to solve for the 
stiffness (EI∆) if the displacement (∆) is know: 
 ( )22 x4L3
24
xPEI −
⋅
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 (5-1) 
  where P = applied point load 
   x = distance from the support to the location of the load = 19” 
   L = span length 
 The curvature can then be defined as:  
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2) Using both the measured compressive strain in the concrete (εc) and the tensile 
strain in the CFRP bar (εf), assuming no slip occurs between the reinforcement 
bar and the concrete. 
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3) Using the applied moment (Ma) and the computed effective moment of inertia (Ie) 
of the cracked concrete section due to the applied load.  ACI-440.1R defines the 
effective moment of inertia as a function of the degree of cracking (i.e. Mcr/Ma) 
and applies a modification factor to account for the difference in bond properties 
between deformed steel reinforcing and CFRP bars. 
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  where Mcr = cracking moment = fr (Ig / 0.5h ) ≈ 22.6 in-kips 
   fr = modulus of rupture of concrete, psi ≈ 628 psi 
   Ma = maximum applied moment in a member 
   Ig = gross moment of inertia = 108 in4 
   Icr = moment of inertia of transformed cracked section 
   αb = bond dependent coefficient = 0.5 
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 The curvature can then be defined as: 
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4) Using a theoretical derivation based on Hognestad’s (1951) relationship for the 
stress-strain in concrete as shown in Figure 5.2, where f”c is the compressive 
strength of concrete (in psi) in an unconfined beam member.   
Note that f”c is not the same value as the compressive strength in a 
confined cylinder (f’c).  For high strength concrete, the value f”c is a lower than f’c 
based upon a stress block parameter k3 as defined in experimental tests (Park, 
1975).  For concrete cylinder strengths of 7,000 psi, k3 is taken as 0.93.  The ACI 
design equations which use the compressive strength (f’c) taken from cylinder 
tests incorporate the k3 value into the terms 0.85β1. 
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Figure 5.2.  Idealized stress-strain curve for concrete in uniaxial compression 
(Hognestad, 1951). 
 
For every value of the compressive strain, there is a corresponding 
compressive stress.  The magnitude and location of the total compressive force in 
the concrete can be expressed in the following two terms, both of which are also 
functions of the strain. 
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The location of the neutral axis (k·d) is determined by summing the 
internal forces and setting the equilibrium equation (5-9) to zero. 
 ( ) ( ) ( ) −+−== sssfffccx 'A'fAfbkd'f0F εεεα  (5-9) 
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The first term is the compressive force in the concrete; the second term is 
the tensile force in the CFRP bar; and the last term is the compressive force in the 
top smooth steel bars.  Since this reinforcement is primarily to support the shear 
stirrups and not to carry any significant force (i.e. smooth bars), this term can 
probably be ignored. 
 Once the location of the neutral axis is known, the curvature can be 
computed using equation 5-3.  The moment associated with the compressive 
strain in the concrete is computed by summing the internal forces about the 
neutral axis. 
 ( ) ( )[ ]kdkdbkd'fM cccconcrete εγεα −=  (5-10) 
 ( ) ( )kddAfM fffCFRP −= ε  (5-11) 
 ( ) ( )'dkd'A'fM ssscomp −= ε  (5-12) 
 ( ) compCFRPconcretec MMMM ++=ε  (5-13) 
5.3 Experiment Setup 
Strain gages (1”) were placed at the center of the specimen along the top, side and 
bottom faces of the cross section.  On several specimens, strain gages were also placed on 
the CFRP bars.  The exact setup of all beam specimens is included in Appendix C. 
The concrete beam specimens were loaded with a four-point system.  The 
equipment used was the Material Testing System (MTS Model #311.41S) with a force 
capacity of 550 kips.  Testing procedures followed ASTM C78-94 for the four-point 
loading of simple beams.  The point loading were located at approximately third points of 
the six foot (6’) beam.  Again, the exact setup of all beam specimens is included in 
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Appendix C.  The arrangement with two applied load points gives a central region of 
constant bending moment. 
The MTS measured the applied load and the displacement at the load points as a 
function of time.  A separate data acquisition system recorded the strain gage data also as 
a function of time.  With the time variable, data from both systems can be merged. 
There were some problems in using the measured strain data.  The gages located 
on the concrete face became “isolated” between flexural tension cracks, thus not 
providing accurate readings.  In a similar manner, the gages located on the CFRP bars 
also did not give accurate readings since between flexural cracks, the force is shared by 
the CFRP bar and the surrounding concrete.  In both cases, the measured strains would be 
lower than the actual strain.   
5.4 Experimental Results 
Table 5.1 summarizes the measured loads and the resulting applied moment from 
the test experiments.  The applied tension stress (ff) shown in the table was computed 
equation 5-14.  The actual stress in the CFRP bars, based upon measured strains, will be 
discussed later in this chapter. 
 
jdA
Mf
f
a
f =  (5-14) 
As discussed earlier in this chapter, there are three methods to determine the 
curvature in the concrete member based upon applied loads (Table 5.2).  The first method 
utilizing measured displacements is probably the most accurate.  The approach does 
assume a smeared crack distribution and a uniform stiffness through the member.  
However, since the displacement value is known with certainty, the only assumption is 
the validity of the smeared crack approach. 
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Table 5.1 
Measured Experimental Beam Test Data 
 Splice 
Length 
(inch) 
Applied 
Ma 
(in-kips) 
Tensile 
Stress, ff 
(ksi) 
Concrete 
Strain, εcu 
(in/in) 
CFRP 
Strain, εf 
(in/in) 
4/16” diameter CFRP bars 
B04 none 112.0 246.7 - - 
B07 none 90.2 198.6 -0.002634 - 
B10 none 114.4 251.7 - - 
B13 26” 95.1 209.7 -0.00166 - 
B16 34” 91.1 200.9 -0.00142 - 
B17 42” 102.3 225.6 -0.00138 - 
5/16” diameter CFRP bars 
B05 none 148.6 212.9 - - 
B08 none 150.4 215.9 -0.002708 - 
B11 none 147.3 211.2 -0.002559 0.0110 
B14 26” 145.0 208.1 -0.00162 - 
B19 34” 95.8 137.7 - - 
B18 42” 82.9 119.2 -0.00092 - 
6/16” diameter CFRP bars 
B06 none 158.6 161.3 - - 
B09 none 157.0 159.3 -0.002260 - 
B12 none 155.6 158.4 -0.002695 0.0085 
B15 26” 149.1 151.4 -0.00134 0.00343 
B20 34” 137.9 140.2 -0.00130 0.0032 
B21 42” 93.5 95.0 -0.00090 0.0031 
 
 The second methodology presented is based upon measured strains in both 
the concrete and the CFRP bars.  However, the strain gages placed on the concrete face in 
the tension region, as well as on the CFRP bars gave unreliable readings.  Once flexural 
cracks formed, the gages placed on the concrete face became “isolated”.  The tension 
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strain in the concrete is limited by the maximum tension rupture stress in the concrete.  In 
a similar manner, the gages placed on the CFRP bars only recorded a portion of the 
tension stress seen in the CFRP bar at a cracked section since some of the tension force is 
being carried by the uncracked concrete section.  This method is valid provided no slip 
occurs between the reinforcement bars and the concrete.  This is not likely to be the case.  
Table 5.2 
Experimental Moment-Curvature at Failure 
 EI∆ 
∆
φ
EI
M a
=  fff Ef=ε
d
fc εεφ +−= EcIe 
ec
a
IE
M
⋅
=φ  
4/16” diameter CFRP bars 
B04 28,412 0.003942 0.012335 εcu n/a 40,785 0.002746 
B07 21,644 0.004168 0.009930 0.002577 40,865 0.002207 
B10 31,782 0.003598 0.012585 εcu n/a 41,649 0.002747 
B13 35,557 0.002674 0.010605 0.002516 41,899 0.002270 
B16 34,582 0.002633 0.010160 0.002375 41,899 0.002270 
B17 40,177 0.002545 0.011410 0.002624 40,828 0.002506 
5/16” diameter CFRP bars 
B05 50,994 0.002913 0.010645 εcu n/a 55,990 0.002654 
B08 41,364 0.003635 0.010795 0.002788 56,381 0.002668 
B11 40,204 0.003664 0.010560 0.002708 56,878 0.002590 
B14 51,373 0.002822 0.010555 0.002514 56,541 0.002565 
B19 43,812 0.002188 0.006990 εcu n/a 59,320 0.001645 
B18 46,418 0.001786 0.006050 0.001439 60,827 0.001363 
6/16” diameter CFRP bars 
B06 58,945 0.002691 0.008065 εcu n/a 74,214 0.002137 
B09 47,291 0.003324 0.007965 0.002125 75,431 0.002081 
B12 49,311 0.003155 0.007920 0.002206 73,860 0.002107 
B15 78,150 0.001908 0.007675 0.001873 75,167 0.001984 
B20 72,579 0.001899 0.007105 0.001746 74,970 0.001839 
B21 45,330 0.002063 0.004815 0.001188 78,822 0.001186 
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The third method based upon computed stiffness (EcIe) includes a ACI-4401.R 
defined variable (βd) that may introduce some inaccuracy.  Note that the predicted 
deflections discussed in Chapter 3 and based upon EcIe were unconservative.  Measured 
deflections were greater than those predicted by ACI-4401.R, thus indicating that the 
stiffness of the section reinforced with CFRP may be less (and the measured curvature 
greater) than EcIe would calculate. 
Typically, the curvature based on the measured displacements is larger than that 
based on computed tension strain which is larger than that based on computed stiffness 
(EcIe).  This is consistent with earlier discussions in this paper noting that the stiffness 
predicted by ACI-440.1R appeared to be unconservative. 
5.5 Analytical Curvature 
The analytical moment-curvature relationship can be computed using equations 5-
7 through 5-13, assuming the stress-strain relationship described by Hognestad (1951).  
As a load is applied, strains in the section continue to increase, as will the curvature.  As 
cracks develop and propagate upward, the stiffness of the cracked section decreases.  
Curves can be generated for the range of compressive strains seen in the concrete section.  
Theoretical values based upon two continuous (unspliced) CFRP bars can be computed.  
To quantitatively compare the experimental and analytical curves, a theoretical value for 
the curvature was taken for a moment equal to that measured at failure.   
Note that the analytical curvature at failure is usually less (i.e. stiffness greater) 
than that measured.  If the splice length was “perfect” in that the beam specimen 
performed exactly as if two continuous reinforcing bars were present, then the analytical 
curvature would be equal to that measured.  This would indicate that the spliced beam 
specimens are not fully developing the CFRP bars.   
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Note also that the measured curvature decreases (i.e. stiffness increases) as the splice 
length increases.  This behavior is expected.  One exception is beam specimen B21.  
Table 5.3 includes the curvature at failure.  Figures 5.2 through 5.7 illustrate the moment-
curvature relationship over a range of applied moments.  Note the change in slope of the 
plotted line at approximately 22.6 in-kips.  This is the cracking moment (Mcr).  
Table 5.3 
Analytical Moment-Curvature at Failure 
 
Theoretical 
Strain, εcu 
(in/in) kd
c
anal
εφ =  
∆
φ
EI
M a
a =
anal
a
φ
φ
 Mode of Failure
4/16” diameter CFRP bars 
B04 -0.00245 0.002872 0.003942 1.37 Compressive 
B07 -0.00175 0.002244 0.004168 1.86 Bad Specimen 
B10 -0.00231 0.002872 0.003598 1.25 Sudden 
B13 -0.00203 0.002449 0.002674 1.09 Compressive 
B16 -0.00195 0.002353 0.002633 1.12 Shear 
B17 -0.00232 0.002719 0.002545 0.94 Shear 
5/16” diameter CFRP bars 
B05 -0.00311 0.002918 0.002913 1.00 Compressive 
B08 -0.00295 0.002833 0.003635 1.28 Normal 
B11 -0.00260 0.002684 0.003664 1.37 Normal 
B14 -0.00274 0.002694 0.002822 1.05 Compressive 
B19 -0.00157 0.001706 0.002188 1.28 Wide Cracks 
B18 -0.00137 0.001489 0.001786 1.20 Shear 
6/16” diameter CFRP bars 
B06 -0.00288 0.002347 0.002691 1.15 Shear 
B09 -0.00237 0.002141 0.003324 1.55 Shear 
B12 -0.00293 0.002343 0.003155 1.35 Normal (shear?)
B15 -0.00231 0.002087 0.001908 0.91 Bond 
B20 -0.00216 0.001910 0.001899 0.99 Tension 
B21 -0.00126 0.001247 0.002063 1.65 Odd Cracks 
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 Figure 5.3.  Moment-Curvature Data for 4/16” CFRP Bars. 
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 Figure 5.4.  Moment-Curvature Data for 5/16” CFRP Bars. 
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 Figure 5.5.  Moment-Curvature Data for 6/16” CFRP Bars. 
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5.6 Conclusions 
Similar to the conclusion of Chapter 4, and based upon the ductility exhibited in 
the moment-curvature relationships, we can still conclude that lap splice lengths greater 
than 1.34 times the development length (ldf) produce actual flexural behavior similar to 
beam reinforced with unspliced CFRP bars.   
The following major conclusions can be made:  
• Note also that the measured curvature decreases (i.e. stiffness increases) as the 
splice length increases.  This behavior is expected.  One exception is beam 
specimen B21.   
• Figures 5.5 through 5.7 indicate that as the CFRP bar diameter increases, the 
difference between the plotted curves lessens.  This may be due to larger diameter 
bars having a lower tensile stress. 
• The 4/16” diameter bars with the 26” and 34” splice lengths (B13 and B16) 
performed similar to the unspliced beam specimens (B04 and B10), but failed at a 
load approximately 10%-15% less.  The 42” splice length (B17) exhibited a 
smaller curvature (larger stiffness) than the unspliced specimens and failed at a 
load approximately 5% less.  B16 and B17 appeared to fail in shear, thus 
indicating that there was some reserve flexural capacity.  We may conclude that 
the 26” and 34” splice lengths (1.34ld and 1.83ld respectively) were probably 
adequate to develop the tensile stresses in the CFRP bars.  The 42” splice length 
(2.00ld) was in excess, thus providing a greater stiffness than an unspliced beam. 
• All the spliced 5/16” diameter bars (B14, B18 and B19) performed similar to the 
unspliced beam specimens (B05).  Specimens B14 failed at a load comparable to 
B05, while B18 and B19 failed at loads approximately 33% - 25% less.  B18 
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appeared to fail in shear, thus indicating that there was some reserve flexural 
capacity.  B19 exhibited unusually wide cracks originating at the end of the 
splices.  The 26” splice length (1.08ld) failure does not fit the predicted pattern. 
• All the spliced 6/16” diameter bars (B15, B20 and B21) exhibited a lower 
curvature (greater stiffness) than the unspliced beam specimens.  Specimens B15 
and B20 failed at a load within 5% of the unspliced beams, while B21 failed at a 
load approximately 37% less.  Both B15 and B20 appeared to fail in a 
bond/tension failure.  B21 exhibited an unusual crack pattern originating at the 
end of the splices.  We may conclude that the 26” and 34” splice lengths (1.24ld 
and 1.74ld respectively) were nearly adequate to develop the tensile stresses in the 
CFRP bars. 
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CHAPTER 6 
CONCLUSIONS & RECOMMENDATIONS 
 
6.1 Conclusions 
The significance of this research is two-fold.  First, the results of both the pullout tests 
and the beam strength tests produced results that compared well with other published 
data.  While concern has been expressed in this paper that research pertaining to CFRP 
bars is limited, the results indicate that the performance of CFRP bars, as well as GFRP 
and AFRP bars, is similar and therefore independent of FRP material type. 
Secondly, ACI-440.1R has presented guidelines which, based upon discrepancies 
between deformed steel and CFRP reinforcement methodologies, may not produce an 
adequate lap splice length. 
The major observations are noted below:  
• Lap splice lengths greater than 1.34 times the development length (ldf) produced 
actual flexural capacities that were not controlled by the length of the spliced 
reinforcement.   
• Based upon the pullout test data presented in this paper, an average bond strength 
of 791 psi can be expected (K3 = 3166).  The beam strength tests probably 
exhibited slightly lower values.  Therefore, ACI-440.1R Equation 11-7 (K3 = 
2700) is applicable and can be used in determining the required development 
lengths. 
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• The measured applied loads in the unspliced beam specimens exceeded the 
flexural capacity calculated by ACI-440.1R by an average of 8%.  Considering 
the standard deviation, it is reasonable to expect that the actual flexural capacity 
of the beam specimens would be 3% - 13% greater than the ACI equations.  
• For a given bar diameter, it would be expected that the moment capacity would 
increase as the splice length increased.  This did not consistently occur.  The 42” 
splice produced unpredictable results in the specimens reinforced with 5/16” and 
6/16” diameter bars.  It appears that the capacity is not influenced as much by the 
splice length as it is by the controlling development length at the physical end of 
the beam.  
• The concrete beam specimens are “over-reinforced” (i.e. the concrete will crush 
before the CFRP bars fail).  This can be seen in the predicted values where ff < ffu.  
A compressive flexural failure is the recommended approach when designing with 
the brittle CFRP bars.  Since the intent of the LTRC research project 
(Thiagarajan, 1999) was to study the overall behavior of CFRP reinforced 
concrete beams, this is an acceptable failure mode.   
6.2 Future Work 
Overall, the research performed to date (Thiagarajan, 1999) accomplished its 
objective in studying the performance of concrete beams reinforced with CFRP bars.  The 
shear failures, while unexpected, were important in recognizing the significant reduction 
in the concrete section’s shear resistance. 
This paper, as well as ACI-440.1R, acknowledges that additional research is required 
to understand with more confidence the bond performance of spliced reinforcing.  Tests 
similar to those performed should be constructed.  However, some modification to the 
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test setup should be included to minimize items other than bond.  This includes 
inadequate development lengths to the physical end of the beam specimens, as well as the 
shear failures.  Therefore, the following items are recommended: 
• The beam specimens should be constructed with a longer span.  This provides 
additional development length to the ends of the beams.  In addition, this reduces 
the shear force since the same ultimate moment capacity can be achieved with a 
smaller applied load. 
• Flexural failure due to compression should still be the ideal method.  However, 
the actual stress in the CFRP bar (ff) rather than the ultimate strength (ffu) should 
be considered when computing the development lengths. 
• However, consideration should be given to a tensile failure.  Data collected during 
this project showed an ultimate compressive strain lower than expected.  Research 
has shown that higher strength concrete will fail at a strain lower than normal-
strength concrete (Hognestad, 1955).  However, strain measurements taken at 
failure indicated values lower still than Hognestad’s model predicted.  While the 
ACI code recognizes that the assumed maximum concrete strain is insignificant in 
determining the flexural strength of a specimen failing in tension, it is directly 
relative to the capacity of a specimen failing in compression.  Therefore, beam 
tests that were constructed to fail in tension would remove this variable from the 
experiments. 
• The tests can continue to be conducted with similar CFRP bars (ffu = 275 ksi).  
Better documentation should be obtained to verify the modulus of elasticity (Ef).  
Bar sizes can include 4/16” to possible as large as 8/16” diameters. 
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• A 28-day compressive concrete strength (f’c) as low as 5,000 psi should be 
considered.  This would allow the CFRP bars to incur higher stresses.  In addition, 
a lower f’c lowers the computed ρfb, thus making it easier to over-reinforce the 
concrete beams as desired.  An added benefit is a reduction in the ultimate 
flexural capacity without significantly reducing the shear capacity; the concrete 
shear capacity for CFRP members is relatively low compared to the contributions 
of the steel stirrups.  This would further ensure that flexure, not shear, governed 
the mode of failure. 
• Steel stirrups with a yield strength of 60 ksi would offer added resistance to the 
shear capacity of the beam section. 
• Consideration should be given to enlarging the beam cross-section (6” x 6”).  
Some error may have been introduced into the tests due to construction 
tolerances.  It simply is difficult to work with a section this small.  Yet every 
measurement or dimension is that much more influential.  For example, a steel 
stirrup spacing one bar diameter too much results in a 10% reduction in the stirrup 
shear resistance.  A 10” wide by 12” deep section may improve the construction 
error. 
• Beam specimens with varying splice lengths should be constructed.  Splice 
lengths in the range of 0.6ld to 1.8ld should be chosen to match the parameters of 
Benmokrane’s paper (1996b).  This range also includes the code required length 
of 1.6ld.  
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APPENDIX A 
NOTATIONS 
 
The following symbols are used in the paper: 
 
a = depth of equivalent rectangular stress block 
 
A = the effective tension area of concrete, defined as the area of concrete having 
the same centroid as the tensile reinforcement, divided by the number of bars 
 
Af =  area of FRP reinforcement 
 
Av =  area of shear reinforcement within spacing, s 
 
b =  width of rectangular cross section 
 
c =  distance from the extreme compression fiber to the neutral axis 
 
d =  distance from extreme compression fiber to centroid of tension reinforcement 
 
db =  diameter of reinforcing bar 
 
dc =  thickness of concrete cover measured from extreme tension fiber to centroid 
of bar 
 
Ec =  modulus of elasticity of concrete 
 
Ef =  modulus of elasticity of FRP reinforcement 
 
Es =  modulus of elasticity of steel reinforcement 
 
f’c =  specified compressive strength of concrete 
 
ff =  stress in FRP reinforcement in tension 
 
ffu =  design tensile strength of FRP reinforcement 
 
fr = modulus of rupture of concrete 
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fy =  specified yield stress of steel reinforcement 
 
h =  overall height of flexural member 
 
Icr =  moment of inertia of transformed cracked section 
 
Ie =  effective moment of inertia 
 
Ig =  gross moment of inertia 
 
k =  ratio of the depth of the neutral axis to the reinforcement depth 
 
kb =  bond dependent coefficient 
 
L =  span length 
 
lbf =  basic development length of FRP bar 
 
ldf =  development length of FRP bar 
 
Ma =  maximum applied moment in a member 
 
Mcr = cracking moment 
 
Mn =  nominal moment capacity 
 
nf =  ratio of modulus of elasticity of FRP bars to modulus of elasticity of concrete 
 
P =  applied vertical point load 
 
s =  shear stirrup spacing 
 
Vc =  nominal shear strength provided by concrete with steel reinforcement 
 
Vcf =  nominal shear stength provided by concrete with FRP flexural reinforcement 
 
Vn =  nominal shear strength at section 
 
Vs =  shear resistance provided by steel stirrups 
 
w =  crack width, mils (x 10-3 inches)  
 
αb =  bond dependent coefficient used in calculating deflection 
 
β =  ratio of the distance from the neutral axis to the extreme tension fiber to the 
distance from the neutral axis to the center of the tensile reinforcement 
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β1 = factor for concrete strength 
 
βd =  reduction coefficient used in calculating deflection 
 
∆ =  vertical deflection at midspan of the member 
 
εcu =  ultimate strain in concrete 
 
εf =  strain in FRP reinforcement 
 
εfu =  design rupture strain of FRP reinforcement 
 
εs =  strain in steel reinforcement 
 
µ =  average bond stress acting on the surface of FRP bar 
 
µf =  ultimate average bond strength acting on the surface of FRP bar 
 
ρf =  FRP reinforcement ratio 
 
ρfb =  FRP reinforcement ratio producing balanced strain conditions 
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APPENDIX B 
SAMPLE CALCULATIONS 
 
The following calculations are referenced in the paper: 
• ACI-440.1R design equations for moment, shear, deflection and crack width. 
 
• Theoretical moment-curvature based on Hognestad’s model for stress/strain in 
concrete. 
 
ACI-440.1R design equations for moment, 
shear, deflection and crack width.
Specimen "B12"
Given the following material data:
f c 6365 psi. f fu 275 ksi. f y 60 ksi.
E c 57000 f c psi.. E f 20000 ksi. E s 29000 ksi.
ε cu 0.003
Given the concrete beam section and load data:
b 6 in. a 19 in. A s 0.22 in
2
. A v 0.098 in
2
.
D 6 in. L 60 in. d s 1.1875 in. s 2.5 in.
d b 0.375 in. f v 40 ksi.
Compute the flexural capacity of the concrete beam (FRP bars only)
Compute the effective depth,d D 0.75 in. 0.25 in. 0.5 d b. d 4.812 in=
A f 2
π
4
d b
2
.. A f 0.221 in
2
=
Compute concrete strength factor,β 1 0.85 f c 4000 psi.
0.00005
psi
.
Compute balanced reinforcement ratio,ρ fb 0.85
f c
f fu
. β 1.
E f ε cu.
E f ε cu. f fu
.
Compute reinforcement ratio,ρ f
A f
b d. β 1 0.732=
ρ fb 0.0026=
ρ f 0.0076=
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Since ρf > ρfb, then over reinforced.  i.e. concrete crushing failure.
Compute the tension stress in the FRP bar at moment capacity
f f
E f ε cu.
2
4
0.85 β 1. f c. E f. ε cu.
ρ f
0.5 E f. ε cu.
Compute moment capacity
M n A f f f. d. 1 0.59
ρ f f f.
f c
.. f f 148.7 ksi=
M n 141.4 in kips.=
Back-solve for the applied load capacity,P n
M n
a
P n 7.445 kips=
Check the beam for serviceability (deflection and cracking) under service loads
Use an applied moment, M a 155.6 in. kips. P
M a
a
Compute the gross moment of inertia for the section,I g
b D3.
12
Compute the cracked section properties and cracking moment,f r 7.5 f c psi..
n f
E f
E c
M cr
f r I g.
0.5 D.
k 2 ρ f. n f. ρ f n f.
2 ρ f n f.
k 0.228=
I cr
b d3.
3
k3. n f A f. d
2
. 1 k( )2. k d. 1.097 in=
Compute the FRP reduction factor for deflection,α b 0.5 β d α b
E f
E s
1.
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Compute the effective moment of inertia for the cracked section,
I e
M cr
M a
3
β d. I g. 1
M cr
M a
3
I cr.
Compute the deflection,∆
P a.
24 E c. I e.
3 L2. 4 a2.. ∆ 0.821 in=
Compute the concrete cover,d c D d
Define the effective tension area of concrete,A
2 d c. b.
2
β D k d.
d k d.
Use a bond coefficient term,k b 1.2
Actual stress in FRP at applied moment (Ma) = f ff
M a
A f d. 1
k
3
.
f ff 158.4 ksi=
Compute the crack width, w
2200
E f
β. k b. f ff. 3 d c A..
w 56 in= (in 1000th of inch)
Compute the shear capacity of the concrete beam
Compute the shear contribution of the concrete section,
V c 2 f c psi.. b. d. V c 4.6 kips=
V cf
ρ f E f.
90 β 1. f c.
V c. V cf 1.7 kips=
V s
A v f v. d.
s
V s 7.5 kips=
V n V cf V s V n 9.2 kips=
Remember that the load capacity due to flexure isP n 7.4 kips=
And the applied load (P) isP 8.2 kips=
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Compute the predicted average bond stress along the bar
Compute the actual development length,
l d a 3 in. l d 22 in=
The bond stress is the force in the bar (stress times area) divided by the surface are
µ
d b f f.
l d 4.
µ 633.9 psi=
Compute the K2 coefficient to account for the bar size
K 2
f c psi.
4 µ. d b.
1
K 2
11.9 in=
Note that ACI specifies a required development length in ACI-440.1R [Eqn. 11-7]
l bf
d b f fu.
2700 psi. l bf 38.2 in=
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Theoretical moment-curvature based on Hognestad's 
model for stress/strain in concrete.
Beam Specimen B12 ( 6/16 in. bar diameter)
Data definitions
Units  :: psi lb
in2
Material Properties
E cf
275000.0
0.014
psi. E cf 19642857 psi=
E st 2.9 10
7
. psi.
f c 6365 psi. ε o 0.002
Beam Geometry Definitions
b 6 in. h 6 in.
Tension bar details :: n t 2 dia t
6
16
in.
n c 2Compression bar    :: dia c
1
4
in.
Dist. to center of bar :: cc 1.00 in.
dia t
2
d h cc d 4.813 in=Effective Depth ::
A st n t π.
dia t
2
4
. A st 0.221 in
2
=
A sc n c π.
dia c
2
4
. A sc 0.098 in
2
=
Definition of Stress Strain Curves for concrete and steel
fc ε c f c
2.0 ε c.
ε o
ε c
ε o
2
. ε c 0.002<if
f c 1.0 100.0 ε c ε o.. otherwise
f y ε st E cf ε st. CF Rod Stress-strain relationship
f y_st ε st E st ε st. ε st 0.00124<if
36000 psi. ε st 0.00124if
36000 psi.( ) ε st 0.00124if
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Definition of range variables for steel and concrete strains
ε st 0.005 0.0045, 0.005.. ε c 0 0.0001, 0.003..
Graphing the steel and concrete stress-strain curves
0.005 0 0.0055
.104
4 .104
3 .104
2 .104
1 .104
0
1 .104
2 .104
3 .104
4 .104
5 .104
f y_st ε st
psi
ε st
0 0.001 0.002 0.0030
1000
2000
3000
4000
5000
6000
7000
8000
9000
1 .104
fc ε c
psi
ε c
Strains at Steel level:: ε 1 ε c k, z
k 1.0( )
k
ε c z.
Tension Steel Strain
Compression Steel
Strainε 2 ε c k, z
k d. cc( )
k d.
ε c z.
Do while the maximum strain in concrete is less than 0.0035
1. Range of concrete strain :: ε c 0.002930
2. Mean concrete stress factor ::
α 1 ε c
0
ε c
e cfc e c d
α ε c
α 1 ε c
f c ε c.
α ε c 0.758=
γ 1 ε c
0
ε c
e ce c fc e c. d3. Centroid location factor ::
γ ε c 1.0
γ 1 ε c
ε c α 1 ε c.
γ ε c 0.409=
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4. This section compute the 'k' value for each maximum concrete strain value 
    This is done by computing the Axial force 'P' for all k values and then choosing
     the one for which the axial force is 0.
k2 0.01 0.015, 1.0..
ε s1 ε c k2, ε 1 ε c k2,
ε s2 ε c k2, ε 2 ε c k2,
Axial force equation::
P 1 ε c k1, α ε c f c. b. k1. d. f y ε s1 ε c k1, A st. f y_st ε s2 ε c k1, A sc.
k ε c i 0
i j
k3 0.01 0.005 i.
break( ) P 1 ε c k3, 0>if
j 0 1, 200..∈for
k3
k4  is the iteration number
for which axial force is zero
α ε c f c. b. k ε c. d. 36207.3 lb=
f y ε s1 ε c k ε c, A st. 36183.7 lb=
f y_st ε s2 ε c k ε c, A sc. 425 lb=
5. Compute the Curvature and Moment values at the corresponding 'k' values
    for each maximum concrete strain values.
Curvature  :: φ ε c
ε c
k ε c d.
φ ε c 2.342 10
3
.
1
in
=
Moment Computation ::
a. Due to concrete
M conc ε c α ε c f c. b. k ε c. d. 0.5 h. γ ε c k ε c. d..
b. Due to tension steel
M conc ε c 9.01 10
4
. in lb.=
ε ten ε c ε 1 ε c k ε c,
ε ten ε c 0.0083=
M ten ε c f y ε ten ε c A st. 0.5 h. d( ).
M ten ε c 6.558 10
4
. in lb.=
c. Due to compresion steel
f f E cf ε ten ε c.
ε com ε c ε 2 ε c k ε c,
M com ε c f y_st ε com ε c A sc. k ε c d. cc.
f f 1.638 10
5
. psi=d. Total Moment
M ε c M conc ε c M ten ε c M com ε c M ε c 155.7 in kips.=
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APPENDIX C 
EXPERIMENTAL TEST SETUPS 
 
Source: Appendix B, Thiagarajan (1999) 
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APPENDIX D 
SKETCHES OF EXPERIMENTAL CRACK PATTERNS 
 
Source: Appendix D, Thiagarajan (1999) 
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